QUADRATIC SPACES AND HOLOMORPHIC FRAMED VERTEX 
OPERATOR ALGEBRAS OF CENTRAL CHARGE 24 



CHING HUNG LAM AND HIROKI SHIMAKURA 

Abstract. In 1993, Schellekens |Sc93| obtained a list of possible 71 Lie algebras of 
holomorphic vertex operator algebras with central charge 24. However, not all cases are 
known to exist. The aim of this article is to construct new holomorphic vertex operator 
algebras using the theory of framed vertex operator algebras and to determine the Lie 
algebra structures of their weight one subspaces. In particular, we study holomorphic 
framed vertex operator algebras associated to subcodes of the triply even codes RM(1, 4) 3 
and RM(1,4) © D(dJ^) of length 48. These vertex operator algebras correspond to 
the holomorphic simple current extensions of the lattice type vertex operator algebras 
(V"t-„ )® 3 and V~t-^ (8 U~t- + . We determine such extensions using a quadratic space 
structure on the set of all irreducible modules R(W) of W when W = (V^ E )® 3 or 
^V2E ® ^V2_d+ EEOll EhlT] . As our main results, we construct seven new holomorphic 
vertex operator algebras of central charge 24 in Schellekens' list and obtain a complete 
list of all Lie algebra structures associated to the weight one subspaces of holomorphic 
framed vertex operator algebras of central charge 24. 



Introduction 

The classification of even unimodular lattices of rank 24 is one of fundamental results 
in lattice theory; there are exactly 24 such lattices and each lattice is uniquely determined 
by its root system - the set of norm 2 vectors. Since there are many analogies between 
lattices and vertex operator algebras (VOAs), it is natural to consider the corresponding 
classification problem for holomorphic VOAs of central charge 24. In 1993 Schellekens 
|Sc93] obtained a list of possible 71 Lie algebras of holomorphic vertex operator algebras 
with central charge 24. However, not all cases are constructed explicitly and known to 
exist. In fact, only the cases for VOAs associated to even unimodular lattices and their 
Z 2 -orbifolds are well-studied f |FLM88l IDGM96] ). 
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Framed VOA is another class of well-studied VOAs f |DGH981 IMi04l lLY08] l Roughly 
speaking, a framed VOA is a simple VOA which contains a full subalgebra T, called a 
Virasoro frame, isomorphic to a tensor product of copies of the Virasoro VOA L(l/2, 0). 
Such a VOA is rational and CVcofinite, and its structure is mainly determined by certain 
combinatorial objects. Therefore, it is natural to consider the classification of holomorphic 
framed VOAs of central charge 24. 

It was shown in |LY08] that a binary code D of length 16k can be realized as the 1/16- 
code of a holomorphic framed VOA of central charge 8k if and only if D is triple even 
(i.e., wt(a) = mod 8 for all a G D) and the all-one vector (1, • • • , 1) G D. Therefore, 
the classification of holomorphic framed VOAs of central charge 24 is almost equivalent 
to the problem of classifying all triply even codes of length 48 and the study of possible 
VOA structures associated to each triply even code. 

In p3Mj, triply even codes of length 48 are classified: any triply even code of length 48 
is a subcode of one of the following: 

(1) an extended doubling D(E) for some doubly even code E of length 24 (see Definition 
EM; 

(2) the 9-dimensional exceptional triply even code D ex of length 48; 

(3) the direct sum of three copies of the Reed-Muller code RM(1,4); 

(4) the direct sum of RM(1, 4) and T>((# 6 ), where df G is the unique indecomposable doubly 
even self-dual code of length 16. 

It was shown in [Lallj that if the 1/16-code is a subcode of an extended doubling (Case 
1), then the framed VOA is isomorphic to a lattice VOA or its Z 2 -orbifold. Moreover, 
holomorphic framed VOAs associated to subcodes of D ex (Case 2) have been constructed 
and studied in |Lallj . The Lie algebras associated to their weight one subspaces are also 
determined. In particular, 10 new holomorphic framed VOAs are found mathematically. 
In order to complete the classification of holomorphic framed VOAs, it is very important 
to construct and study the holomorphic framed VOAs associated to the subcodes in Cases 
3 and 4. 

In this article, we will study the framed VOAs associated to the triply even codes iso- 
morphic to subcodes of RM(1, 4) 3 and RM(1, 4) © D(dl & ). These VOAs correspond to the 
holomorphic simple current extensions of (V~^-„ )® 3 and V~\-„ <S> V"\-„+ . It was proved 
in |Sh04] that the set of all irreducible modules R(Y^ E ) and R(V^ D + ) of V^ E and 
V^ D+ have the structures of some quadratic spaces and Aut(V^ Eg ) and Aut(V^ D+ ) 
act naturally on R(V^ E J and R(y^ D+ ), respectively. By using these quadratic spaces, 



we determine all holomorphic extensions of CKy^)® 3 an d ^^ Ea ® 1 K y /jj£ ) + > U P to conju- 
gation, and compute the associated Lie algebra structures of the corresponding weight 
one spaces. As a consequence, we construct seven new holomorphic framed VOAs having 
Lie algebras D AA {A 2i2 f, C 4 , 2 (A 4 , 2 ) 2 , E e>2 C 5}1 A 5>u C 8 ,i(F 4il ) 2 , E 7>2 B 5}1 F 4jl , E 8t2 B 8>1 and 
^8,2-^4,2- In addition, we obtain a complete list of all Lie algebra structures for the weight 
one subspaces of holomorphic framed VOAs of central charge 24. The main result is as 
follows. 



Theorem 0.1. Let V be a holomorphic framed VOA of central charge 24. Then one of 
the following holds: 

(1) V is isomorphic to a lattice VOA Vjv or its ^-orbifold for some even unimodular 
lattice N; 

(2) the weight one subspace V\ is isomorphic to one of the Lie algebras in Tabled 

Moreover, for each Lie algebra £ in Tabled there exists a holomorphic framed VOA U 
whose weight one subspace U\ is isomorphic to £. 



The organization of this article is as follows. In Section 1, we recall some basic facts 
about quadratic spaces and orthogonal groups. We also review the notions of VOAs, 
modules and intertwining operators. In Section 2, the notion and several important 
properties of framed VOAs will be reviewed. We will also recall the classification of 
triply even codes of length 48 from [BMJ. In Section 3, the representation theory of 
the lattice type VOAs V\-„ and V~t-, is reviewed. In particular, the quadratic spaces 

V 2h& V 2D 16 

associated to the set of their irreducible modules are discussed. In Section 4, we will 
study the holomorphic simple current extensions of (V^ E )® 3 . The main result is a 
complete description of all maximal totally singular subspaces of ^(^y^)® 3 ; U P to the 
action of Aut((V^ E J m ) . The Lie algebra structures of the weight one subspaces of the 
corresponding framed VOAs associated to these quadratic spaces will also be computed. In 
Section 5, we study the holomorphic simple current extensions of V^ Ea ®V^/ 2D + • We also 
obtain a complete classification of all maximal totally singular subspaces of Riy^ E ) © 
R(V^ D+ ), up to the action of Aut(V^ <g) V^ D+ ). Again, the Lie algebras associated 
to the weight one subspaces of the corresponding framed VOAs will be computed. 



Table 1. Lie algebras for holomorphic framed VOAs of c = 24 



JNo. m |bc93] 


Dimension 


Lie algebra 


7 


48 


(^3,4)^1,2 


10 


48 


£5,8^1,2 


13 


60 


D± A {A 2 , 2 ) A 


18 


72 




19 


72 


D 5A C 3 , 2 (A hl ) 2 


22 


84 




26 


96 


/A \ O y^'J /A \ O 

(A 5 , 2 ) 2 C 2 ,i(A 2il ) 2 


33 


120 


^7,2(^3,1) ^3,1 


35 


120 


^7,2^3,1 


36 


132 


^8,2-^4,2 


40 


144 


^9,2^44,1-B3,1 


44 


168 


-^6,2^5,1^45,1 


48 


192 


(C6,l) 2 -E?4,l 


52 


240 


C8,l(-^4,l) 2 


53 


240 


-^7,2-85,1-^4,1 


56 


288 


ClO, 1-^6,1 


62 


384 


-^8,2-88,1 
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1. Preliminary 



Notations 

( , ) The symplectic form on a quadratic space (R,q) or on (R k ,q k ). 

IXI The fusion rules for a VOA. 

_L The orthogonal direct sum of subspaces in a quadratic space. 

A 1 - The orthogonal complement of a subspace A in a quadratic space. 

D^q The indecomposable even unimodular lattice of rank 16, 

whose root lattice is D\q. 

Eg, The Eg root lattice, even unimodular lattice of rank 8. 

go M The conjugate of a module M for a VOA by an automorphism g. 

g o [M] The isomorphism class of g o M. 

[M] The isomorphism class of a module M for a VOA. 

N(L) The even unimodular lattice of rank 24 whose root lattice is isomorphic to L. 

Pi The i-ih coordinate projection of a direct sum of quadratic spaces. 

qv The quadratic form on R(V) defined by 

qv([M]) = and 1 if M is Z-graded and (Z + l/2)-graded, respectively. 

0(R,q) The orthogonal group of (R,q). 

Sym^ The symmetric group of degree n. 

S A maximal totally singular subspace of R k or R{V) k . 

S(m, ki, k2,e) The maximal totally singular subspace of R 3 defined in Theorem 14.61 

<S(m, fci, fe) The maximal totally singular subspace of R 3 defined in Theorem 14.81 

S(R) The set of singular vectors in R 

S(R) X The set of non-zero singular vectors in R 

S(R) The set of non-singular vectors in R 

Stabc(^4) The setwise stabilizer of A in a group G. 

Stab pt c(j4) The pointwise stabilizer of A in a group G. 

(R,q) A non-singular quadratic space R of plus type with quadratic form q over F2. 

(R k ,q k ) The orthogonal direct sum of k copies of (R,q). 

R(V) The set of all isomorphism classes of irreducible modules for a VOA V. 

V A simple rational C2-cofinite self-dual VOA of CFT type, or V = V + /-„ ■ 

VI The lattice VOA associated with even lattice L. 

V£ The fixed point sub VOA of Vl with respect to a lift of the — 1-isometry of L. 

V L Z 2 -orbifold of V L . 

V k The tensor product of k copies of a VOA V. 

53(5) The holomorphic VOA associated to a maximal totally singular subspace S. 

QJ(T) The module associated to a subset T of R(V) k or R(X) © R(V). 

X X = V+, . 



1.1. Quadratic spaces and orthogonal groups. Let us recall fundamental facts on 
quadratic spaces over F 2 and orthogonal groups (cf. |Ch97j ). 

Let R be a 2m-dimensional vector space over F 2 . A form (•,•): R x R — > F 2 is said 
to be symplectic if it is a symmetric bilinear form with (a, a) = for all a £ i?. A map 
g : — >■ F 2 is called a quadratic form associated to (•, •) if (a, 6) = g(a + 6) + q(a) + q{b) for 
all a,b E R. Let g be a quadratic form. Then the pair (R, q) is called a quadratic space, 
and it is said to be non-singular if i? -1 = {a £ R | (a, i?) = 0} = 0. A vector a £ i? is said 
to be singular and non-singular if g(a) = and g(a) = 1, respectively. Let S(R), S(R) X , 
and <S'(i2) denote the sets of all singular vectors in i?, of all non-zero singular vectors in R, 
and of all non-singular vectors in R, respectively. A subspace S of R is said to be totally 
singular if any vector in S is singular. A quadratic form q is said to be of plus type and 
of minus type if the dimension of a maximal totally singular subspace of (R, q) is m and 
m — 1, respectively. Let 0(R,q) denote the orthogonal group of (R,q), the subgroup of 
GL(R) preserving q. The following lemmas are well-known. 

Lemma 1.1. Let (R,q) be a non-singular 2m- dimensional quadratic space of e type over 
F 2 , where e £ {±}. 

(1) If e = + then R has 2 2m ~ 1 + 2 m ~ 1 — 1 non-zero singular vectors and 2 2m ~ 1 —2 m ~ 1 
non-singular vectors. 

(2) If e = — then R has 2 2m ~ 1 — 2 m ~ 1 — 1 non-zero singular vectors and 2 2m ~ 1 + 2 m ~ 1 
non-singular vectors. 

Lemma 1.2. (cf. |Ch97j ) Let (R,q) be a non- singular 2m- dimensional quadratic space of 
plus type over F 2 . Let k £ {1,2,..., m} . 

(1) The orthogonal group 0(R,q) is transitive on the set of all k-dimensional totally 
singular subspaces of R. 

(2) The stabilizer of a k-dimensional totally singular subspace in 0(R, q) has the shape 
2 (5)+*(2"*-2fc).(SL fc (2) x 0+(2m-2k,2)). 

(3) Let U be a subspace of R such that (U,U) = and dimU > 2. Then U contains 
a non-zero singular vector. 

1.2. Vertex operator algebras. Throughout this article, all VOAs are defined over 
the field C of complex numbers unless otherwise stated. We recall the notions of vertex 
operator algebras (VOAs) and modules from |Bo86l IFLM88t |FHL93| . 

A vertex operator algebra (VOA) (V, Y, 1, uS) is a Z> -graded vector space V = ®m& >0 V m 
equipped with a linear map 
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Y(a,z)=J2^) z ~ l ~ 1 e (End^))^,*" 1 ]], aeV 

and the vacuum vector 1 and the conformal element u satisfying a number of conditions 
f [Bo86l IFLM88j ). We often denote it by V or (V, Y). 

Two VOAs (V, Y,l,o;) and (V ,Y' ,1' are said to be isomorphic if there exists a 
linear isomorphism g from V to V such that 

pa; = a/ and , z) = Y'(gv, z)g for all u G V. 

When V — V , such a linear isomorphism is called an automorphism. The group of all 
automorphisms of V is called the automorphism group of 1/ and is denoted by Aut(V). 

A vertex operator subalgebra ( or a subVOA ) is a graded subspace of V which has a 
structure of a VOA such that the operations and its grading agree with the restriction of 
those of V and that they share the vacuum vector. When they also share the conformal 
element, we will call it a full subVOA. 

An (ordinary) module (M, Y M ) for a VOA V is a C-graded vector space M = ® ra£ cM m 
equipped with a linear map 

Y M (a,z) = XXo*"^ 1 e (End(M))[^,2" 1 ]], a G V 

satisfying a number of conditions ( |FHL93j ). We often denote it by M and its isomorphism 
class by [M]. The weight of a homogeneous vector v G is /c. If M is irreducible then 
M = ®m£z >0 M h+m (h G C, M h 7^ 0), where h is the lowest weight of M. 

A VOA V is said to be of CFT type if Vo = CI, is said to be rational if any module 
is completely reducible, and is said to be C 2 -cofinite if ^/Span c {a(_ 2 )& | a, b G V} is 
finite-dimensional. Note that any module is ordinary if V is C2-cofinite. A VOA is said 
to be holomorphic if it is the only irreducible module up to isomorphism. A module M is 
said to be self-dual if its contragradient module (cf. [FHL93] ) is isomorphic to itself. Let 
R(V) denote the set of all isomorphism classes of irreducible ^-modules. Note that if V 
is rational or C2-cofinite then |i?(V)| < oo. 

Let M a , Mb, M c be modules for a simple rational C2-cofinite VOA V. An intertwining 
operator of type M a x M b — > M c is a linear map M a H- (Hom(M 6 , M c )){z} satisfying 
a number of conditions ( |FHL93j ). Let N^ M denote the dimension of the space of all 
intertwining operators of type M a x M& —> M c , which is called the fusion rule. Since V 
is C*2-cofinite, the fusion rules are finite ( [ABD04] ). By the definition of the fusion rules, 
Nm c m = A"f5f M , if M x = M' as ^-modules for all x = a,b, c. Hence, the fusion rules 
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are determined by the isomorphism classes of ^-modules. For convenience, we use the 
following expression 

[M a }M[M b }= < a , M jM], 

[M]eR(V) 

which is also called the fusion rule. 

Let M = (M, Y M ) be a module for a VOA V. For g G Aut(V), let g o M = (M, F floM ) 
denote the ^-module defined by Y 90 m(v,z) = YM(g~ 1 v, z). If M = M' as ^-modules, 
then goM = go M' as V- modules. Hence we use the notation g o [M] for the isomorphism 
class of g o M. If M is irreducible, then so is g o M. Hence Aut(V) acts on R(V). We 
often identify modules of a VOA with their respective isomorphism classes and use the 
same notation for the conjugates. 

The theory of tensor products of VOAs was established in [FHL93j . For a positive 
integer k, let V k denote the tensor product of k copies of V. Later, we use the following 
lemma. 

Lemma 1.3. f |FHL93l Section 4.7], jDMZ94j ) Let V be a simple rational C 2 -cofinite 
VOA of CFT type. Then 

R(y k ) = {® k i=x Wi | Wi G R(V)}, 
and for ® k =1 Wi A , ® k =1 Wi y b G R(V k ), the following fusion rule holds: 

Let V(0) be a simple VOA. An irreducible ^(O)-module M a is called a simple current 
module if for any irreducible ^(O)-module M&, there exists a unique irreducible V(0)- 
module M c satisfying the fusion rule [M a ] IE [M fc ] = [M c ]. A simple VOA 1/ is called a 
simple current extension of V(0) graded by a finite abelian group if V is the direct 
sum of non-isomorphic irreducible simple current \^(0)-modules {^(a) | ct G E} and the 
fusion rule [V(a)} H = [V(a + /?)] holds for all a,/3eE. 

Lemma 1.4. [SY031 Lemma 3.14] Let V = © a es^(«) be a simple current extension of a 
simple VOA V(0) graded by a finite abelian group E. Let g be an automorphism ofV(0). 
Then there exists a simple current extension of V(0) such that it is isomorphic to V as 
VOAs and is isomorphic to (B a eE 9 ° V(a) as V(0) -modules. 

1.3. Lattice VOAs and Z 2 -orbifolds. Let L be an even unimodular lattice and let Vl 
be the lattice VOA associated with L ( |Bo861[FLM88] ). Then V L is holomorphic f [Do93j ). 
Let 9 G Aut(Vi) be a lift of -1 G Aut(L) and let V£~ denote the sub VOA of V L consisting 
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of vectors in Vl fixed by 9. Let V£ be a unique ^-twisted module for Vl and V^ ,+ the 
irreducible V^-submodule of V^ with integral weights. Let 

Vl = Vt © V^ + . 

It is known that Vl has a unique holomorphic VOA structure by extending its V^~-module 
structure (see |FLM88l IDGM96j ). The VOA V L is often called the Z 2 -orbifold of V L . 

Remark 1.5. Assume that the rank of L is 24. Then any even unimodular lattice L has 
an orthogonal basis of norm 4 ( [HKOO] ). Hence both Vl and Vl are framed ( |DMZ94~j ). 

2. Framed vertex operator algebras 

In this section, we review the notion of framed VOAs from |DGH98l IMi04j . 
Let Vir = ffi neZ CL n © Cc be the Virasoro algebra. That means the L n satisfy the 
commutator relations: 

[L m , L n ] = (m- n)L m+n + ^(m 3 - m)5 m+nfi c, and [L m , c] = 0. 

For any c, h G C, we will denote by L(c, h) the irreducible highest weight module of Vir 
with central charge c and highest weight h. It is shown by |FZ92] that L(c, 0) has a 
natural VOA structure. We call it the simple Virasoro VOA with central charge c. 

Definition 2.1. Let V = ©^L V n be a VOA. An element e G 14 is called an Ising 
vector if the subalgebra Vir(e) generated by e is isomorphic to L^fe, 0) and e is the 
conformal element of Vir(e). Two Ising vectors u,v G V are said to be orthogonal if 
[Y(u,z 1 ),Y(v,z 2 )] = 0. 

Remark 2.2. It is well-known that LQ-fa, 0) is rational, i.e., all LQfo, 0)-modules are com- 
pletely reducible, and has only three inequivalent irreducible modules L^/^O), LQ-fe, 1 ^) 
and L( 1 /2, 1 /i6). The fusion rules of L^-fa, 0)-modules are computed in |DMZ94] : 

L(y 2 ,y 2 )®L(%y 2 ) = L(y 2 ,o), L(%y 2 )®L(y 2 ,y le ) = l^m, 

(2.1) 

L(V 2 , Vi 6 ) K L(V 2 ,Vi6) = L{% 0) © L(V2,V 2 ). 

Definition 2.3. QDGH98J) A simple VOA V is said to be framed if there exists a set 

{e 1 , . . . , e n } of mutually orthogonal Ising vectors of V such that their sum e 1 + • ■ ■ + e n 

is equal to the conformal element of V. The sub VOA T n generated by e 1 , . . . , e n is thus 

isomorphic to L(}/ 2 , 0)® n and is called a Virasoro frame or simply a frame of V. 
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2.1. Structure codes. Given a framed VOA V with a frame T n , one can associate two 
binary codes C and D of length n to V and T n as follows: 

Since T n = L^fe, 0)® n is rational, V is a completely reducible T n -module. That is, 

V= m hUmihn L(y 2 ,h 1 )®---®Ly 2 ,h n ), 

where the nonnegative integer m hl ^ ^ hn is the multiplicity of £(72, /ii) ® ■ ■ ■ ® h n ) in 
V. Then all the multiplicities are finite. It was also shown in |DMZ94j that m^,...,^ is a t 
most 1 if all hi are different from 

Definition 2.4. Let U = hi) <g) ■ • • <8> h n ) be an irreducible module for T n . We 
define the Y^-word (or r-word) r(U) of U as the binary word j3 = (/?i, . . . , j3 n ) G Z£ such 
that 



(2.2) A 



if tn = or 1/2, 

1 if ^ = Vie- 

For any £ Zj, denote by V' 3 the sum of all irreducible submodules U of V such that 
t(U) = P. 

Definition 2.5. Define D := {/3 G ZIJ | 7^ 0}. Then D becomes a binary code of 
length n and V can be written as a sum 

v = @v>. 

/3<=D 

For any c = (ci, . . . , c n ) G Zg, denote M c = m/ llv .. i/in L( 1 / 2 , /ii) <g> • • • <g> L(y 2 , /i„) where 
ft-? = V2 if ^ = 1 and hi = elsewhere. Note that ... ^ < 1 since ft,, 7^ Y^. 

Definition 2.6. Define C := {c G | M c 7^ 0}. Then C also forms a binary code and 

v° = e cec M c . 

Remark 2.7. The VOA is often called the code VOA associated to C and is denoted 
by M c f pi96] l 

Summarizing, there exists a pair of binary codes (C, -D) such that 

K = 0^ and y° = M c . 

The codes (C, -D) are called the structure codes of a framed VOA V associated to the 

frame T n . We also call the code D the ^-code and the code C the ^-code of V with 

respect to T n . Note also that all V 13 , (3 G D , are irreducible \^°-modules. 

Since V is a VOA, its weights are integers and we have the lemma. 
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Lemma 2.8. (1) The code D is triply even, i.e., wt(a) = mod 8 for all a G D. 

(2) The code C is even. 

The following theorem is also well-known (cf. |DGH98t Theorem 2.9] and [Mi04t The- 
orem 6.1]): 

Theorem 2.9. Let V be a framed VOA with structure codes (C,D). Then, V is holo- 
morphic if and only if C = D L . 

In |LY08j . the structure of a general framed VOA has been studied in detail. In par- 
ticular, the following is established (see |LY08[ Theorem 10]). 

Theorem 2.10. Let D be a linear binary code of length lQk,k G Z >0 . Then D can be 
realized as the —code of a holomorphic framed VOA of central charge 8k if and only if 
(1) D is triply even and (2) the all-one vector (l 16fc ) e D. 

By the theorem above, the classification of the ^-codes for holomorphic framed VOAs 
is equivalent to the classification of triply even codes of length 16k. 

2.2. Triply even codes of length 48. Triply even binary codes of length 48 have been 
classified recently by Betsumiya and Munemasa |BM| . In this subsection, we will recall 
their result. 

Definition 2.11. Let n be a positive integer. We define two linear maps d : ZJJ — > 2^™, 
£:Z%-t Z 2 2 n such that 

d(a\, a.2, ■ ■ ■ , a n ) = (ai, ai, d2, d2, . . • , d n , d n ), 

(2.3) 

£(ai, d 2 , • • • , a n ) = (di, 0, d 2 , 0, . . . , a n , 0), 
for any (di, d 2 , . . . , a n ) G Zg. 

Definition 2.12. Let E be a binary code of length n. We will define 

D(£) = Spa %2 {dX£),£(F)} 

to be the code generated by d(E) and £(l n ). We call the binary code D{E) of length 2n 
the extended doubling (or simply the doubling) of E. 

Lemma 2.13. If E is a k-dimensional doubly even binary code of length 8n, then the 
doubling D(E) is a (k + 1)- dimensional triply even code of length 16n. 

Notation 2.14. For any positive integer n, let £ n be the subcode of Zg consisting of all 

even codewords. Note that Ti^E) 1 - contains d(S n ) for any binary code E. 
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Notation 2.15. Let k > 2. We denote by d 2 k the doubly even binary code of length 2k 
generated by 

A i i i \ 
1111 

v i i i v 

We also denote the doubly even binary codes generated by 



(\ 1 1 1 o o\ 

110 110 
\1 010101/ 



and 



A 


1 


1 


1 


1 


1 


1 


l\ 


i 


1 


1 


1 














i 


1 








1 


1 













1 





1 





1 





by ej and eg, respectively 

Notation 2.16. Let ai, . . .,a& be doubly even binary codes generated by its weight 4 
elements. We will use (ai ■ • • afc) + to denote the doubly even self-dual code whose weight 
4 elements generate a subcode ai © • • • © a^. We also use g 2 4 to denote the binary Golay 
code of length 24. Note that #24 has no element of weight 4. 



Recently, Betsumiya and Munemasa |BMj have classified all maximal triply even binary 
codes of length 48. Their main result is as follows. 



Theorem 2.17 (cf. [EM] ). Let D be a triply even code of length 48. Then D is isomorphic 
to a subcode of one of the following codes: 

(1) V(g u ), D((d loe 2 7 )+) ; D(4 4 ), V((d 2 l2 ) + ), V((dl) + ), 

(2) 2)(e 8 )® 3 , 

(3) V{e,)®V{dt & ), 

(4) D cx , a maximal triply even code of dimension 9. 

Remark 2.18. Note that there are exactly nine non-equivalent doubly even self-dual codes 
of length 24. The codes g 2 4, (d w ej) + , d^, (dl 2 ) + , (d\) + , (df) + and (c?g) + are indecompos- 
able while e| and es © d± 6 are decomposable. 

By the theorem above, we know that most triply even codes of length 48 are contained 
in some extended doublings. The following theorem characterizes all holomorphic framed 
VOAs with the 1/16-code D contained in an extended doubling. 



Theorem 2.19. [Lallj Theorem 3.9] Let V = (Bp^dV^ be a holomorphic framed VOA 
with the —code D. Suppose that D can be embedded into a doubling D(E) for some 
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doubly even code E. Then there is an even unimodular lattice N such that V = Vjy or 
V N . 



Because of Theorem 12.191 we only concentrate on triply even codes which are not 
contained in any doubling. Such codes must be subcodes of £>(e 8 )® 3 , D(e 8 ) © T>(df 6 ) or 
D ex . In |Lallj . holomorphic VOAs associated to subcodes of D ex has been studied and 
the following theorem is proved. 

Theorem 2.20. [Lallj Theorem 6.78 and Table 1] Let V = ffi^gu^ be a holomorphic 
framed VOA of central charge 24 with the —code D. Assume that D is a subcode of D cx . 
Then either 

(1) V is isomorphic to V = Vjv or Vn for some even unimodular lattice N; or 

(2) the weight one subspace V\ is isomorphic to one of the Lie algebra listed in Tabled 

Moreover, for each Lie algebra £ in Tabled there is a holomorphic framed VOA U such 
that Ux ^ £. 



Table 2. Lie algebras associated to D 



No. in |Sc93j 


Dimension 


Lie algebra 


7 


48 


(V) 3 ^l,2 


10 


48 




18 


72 


A,4(^l,l) 3 


19 


72 


D 5A C 3 , 2 (A hl ) 2 


26 


96 


(A^yc 2 M2,i) 2 


33 


120 


^47,2(C3,l) 2 ^43,l 


35 


120 


^7,2^3,1 


40 


144 


^49,2^4,1-63,1 


48 


192 


(C6,l) 2 -B4,l 


56 


288 


ClO, 1-^6,1 



Because of Theorems 12.191 and 12.201 we will only study holomorphic framed VOAs 
associated to subcodes of D(e 8 )® 3 and D(e 8 ) © T>(df 6 ) in the remaining of this article. 

First, we note that £>(e 8 ) = RM(1,4) and RM(1,4) ± = RM(2,4), where RM(fc,r) 
denotes the /c-th order Reed-Muller code of length 2 r . In addition, the binary code VOA 
Mrm(2,4) is isomorphic to (cf. |Mi04j ). Similarly, r D{d^ 6 )- L = span Z2 {d(£i 6 ), £{df 6 )} 

and the corresponding binary code VOA is isomorphic to V~t- + . Therefore, holomorphic 

V 2D 16 
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framed VOAs associated to subcodes of D(e 8 )® 3 and D(e 8 ) © T>(dfo) are holomorphic 
extensions of (V'L^ )® 3 and V + m „ (g> V""t , , respectively. 

3. Lattice type VOA V£ for a totally even lattice L 

Let L be an even lattice of rank n G 8Z. Assume that L is totally even, that is, a/2L* 
is even, and that L has an orthogonal basis of norm 4. Then L* C L/2. Let 2 m be the 
size of L*/L. Since L has an orthogonal basis of norm 4, V£ is a framed VOA |DMZ94j . 
By [DGH98J, V£ is rational and C 2 -cofinite. In this section, we review the properties of 
V = V£~ and the set R(V) of all isomorphism classes of irreducible ^-modules. 

By |AD04j . any irreducible V- module is isomorphic to one of the following: 

{Vt +L y L x ^\\eL*/L}. 

Hence |-R(V)| = 2 m+2 . We refer to |Sh04j for the definition of xx- We also use the 
following notations to denote the isomorphism classes: 

[A] ± = [V? +L ], {xxf = 
By |ADL05j . the fusion rules of R(V) are given as follows. 

Proposition 3.1. (cf. [ADL05] ) Let L be an even lattice such that \/2L* is even. Then 
the fusion rules of V£~ are described as follows: 

[A!]^[A 2 ] £ = [Ai + \ 2 } Se , 
[Aif Kl [x\ 2 ] e = [xa 1+ a 2 ]^ (A2MAi+A2) , 

[ X aJ 5 la [xa 2 ] £ = l\ 1 + \ 2 } 5£ " (Xl)v{X2) , 

where z/(A) = + and — if (A, A) G 2Z and 1 + TL, respectively, and 5, e G {±} = 

By the proposition above, any irreducible ^-module is a self-dual simple current mod- 
ule. By |ADL05j . the associativity of Kl holds for V£ • Hence R(V) has an elementary 
abelian 2-group structure of order 2 m+2 under the fusion rules. We view R(V) as an 
(m + 2)-dimensional vector space over F 2 . 

We now assume that n G 8Z. Then any irreducible ^-module is graded by Z or 
Z+ 1/2. Let qy be the map from R(V) to F 2 defined by qy([M]) = and 1 if the weights 
of M belong to Z and 1/2 + Z, respectively. Let ( , ) be the 2-form on R(V) defined by 
(W, W) = q v (WM W) + q v (W) + q v {W). Then by [ShOi], it is a symplectic form, and 
hence qy is a quadratic form. Moreover the type of qy is equal to that of the quadratic 
form qL on L* / L defined by qi(v) = (v,v). By Proposition 13.11 we obtain the following 
lemma directly. 
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Lemma 3.2. Let A, \i G and e, 5 G {±}. T/ien tne following hold: 

(1) ([A]M^) = 2(A,/i); 

(2) <[A] + ,[ X o] + > = 0/ 

(3) <[Ar,[ X o] + > = l/ 

(4) ([0]-,[ X a] £ ) = 1. 

3.1. VOA V^ Eg . Let E 8 denote the E 8 root lattice and set y/2E 8 = {y/2v \ v G E 8 }. 
Then y/2E 8 is totally even, and contains an orthogonal basis of norm 4. In this subsection, 
we review the properties of V = V^2 Eg ■ 

By the previous section, (R(V), qy) is a 10- dimensional quadratic space of plus type over 
F2. By the definition of qy, Aut(V) preserves it. Hence we obtain a group homomorphism 
from Aut(V) to the orthogonal group 0(R(V), qy). In fact, it is an isomorphism by |Sh04l 
Theorem 4.5] (cf. [Gr98] ). 

Let M be an irreducible module of V = V^ E . Then the lowest weight of M is 0, 1/2 
or 1, and it is if and only if M = V^ E (cf. |AD04l IMi04] l 

Since V^2 Eg = V © ^ s a VOA, the invariant bilinear form on the irreducible V- 

module V^ E is symmetric ( [FHL931 Proposition 5.3.6]). By Lemma [l~2l (1). Aut(V) = 
0(R(V),qy) is transitive on the set of all isomorphism classes of Z-graded irreducible 
V- modules except for [0] + . Hence the invariant bilinear form on arbitrary Z-graded irre- 
ducible ^-module is also symmetric. Since the dimension of the lowest weight space of 
any (Z + l/2)-graded irreducible ^-module is one-dimensional, the invariant form on it 
must be symmetric. 

Lemma 3.3. Let V = V^ E ■ Then the following hold: 

(1) V is simple, rational, C2-cofinite, self-dual and of CFT type; 

(2) (R(V),qy) is a non-singular 10- dimensional quadratic space of plus type over ¥2; 

(3) Aut(V) ^0(R(V),q v ); 

(4) The invariant bilinear form on arbitrary irreducible V -module is symmetric; 

(5) For [M] G R(V), the lowest weight of M is 0, 1/2 or 1, and the dimension of the 
lowest weight space is 1, 1 or 8, respectively. 

The following lemma will be used in the later sections. 

Lemma 3.4. (cf. |Shllj ) The automorphism group Aut(V k ) of V k is isomorphic to 
Aut(V) I Sym k . 

3.2. VOA V^2 D + • Let D± 6 be an even unimodular lattice of rank 16 whose root lattice 



is D w . Note that D{q is a unique indecomposable even unimodular lattice of rank 16 up 
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to isomorphism. Set \^2Df 6 = {y/2v \ v e D+ 6 }. Then y/2Df 6 is totally even, and it 
contains an orthogonal basis of norm 4. In this subsection, we review the properties of 

x = W 

Let us recall a description of \[2D\ % . Let {ai | 1 < i < 16} be an orthogonal basis of 
IR 16 of norm 2 and let a c = Yli=i c i a i f° r c = ( c «) ^ ^2 6 - Then 

It is easy to see that 

(3.1) (V2D+Y - ^ + E Z | + Z ^P' 

l<i<16 cG^ie 

where £\q is the binary code of length 16 consisting of all codewords with even weight. 

Lemma 3.5. Let c £ Fg 6 wt(c) = 8. Then \^2Df e + Z« c /2 contains a sublattice 
isometric to \/2Ef 2 . 

Proof. This is clear from 

,"(i 8 ) 



l<ij'<8 



□ 



By the method for calculating the automorphism group of V£ given in [Sh04] , one can 
show that Aut(X) = 2 15 .(2 14 .Sym 16 ).Sym 3 . The orbits can then be computed directly. By 
the explicit calculation, one can also show that the invariant form among [A] 1 * 1 is symmetric 
(cf. |FLM8 8j ). Hence the invariant form on any irreducible ^-modules is symmetric since 
each orbit in Table E] contains an element of the form [A] 1 * 1 . 

The fusion rules of X and the quadratic form qx on R{X) was described in Section [3] 
(See Proposition 13.11 and Lemma 13.21) . Hence we obtain the following lemma. 

Lemma 3.6. Let X = V~t- + . Then the following hold: 

(1) X is simple, rational, C2-cofinite, self-dual and of CFT type; 

(2) (R(X),q x ) is a non- singular 18- dimensional quadratic space of plus type over¥ 2 ; 

(3) The invariant bilinear form on arbitrary irreducible X -module is symmetric; 

(4) The orbits in R(X) for the action of Aut(X) are given by Tabled 
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Table 3. Orbits of irreducible modules of V^ D + under Aut(V^ D + ). 



orbits 


orbit size 


lowest weight 


dim. of lowest space 


[0] + 


1 





1 


[0]-, [ai] ± , 


3 


1 


16 


[a c /2 - wt(c) = 2, 


2 2 x 120 


1/2 


1 


[a c /2] ± ,[a c /2-a 1 ] ± wt(c) = 4, 


2 2 x 1820 


1 


4 


[a c /2]± [a e /2 - ai^ wt(c) =6, 


2 2 x 8008 


3/2 


16 


a c /2] ± , [a c /2 - a i ] ± wt(c) = 8 


2 x 12870 


2 


128 


[a^-a^^ceg, [ Xa ] + 


2 15 + 2 16 


1 


1 


[a(_ 31 is)/4 - a c /2] ± , (c G £i 6 ), [xa]~ 


2 15 _j_ 2 16 


3/2 
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4. Framed VOAs associated to subcodes of D(e 8 )® 3 

In this section, we will study the framed VOAs of central charge 24 associated to 
subcodes of 2)(e 8 ) ffi3 . Recall that D(e 8 ) 2* RM(1,4) and RM(1,4) ± = RM(2,4) and 
the binary code VOA M RM ( 2i 4) is isomorphic to V^ E . Therefore, if U is a holomorphic 
framed VOA whose 1/16 code is contained in 2?(e 8 )® 3 , then U contains (V^ E )® 3 as a 
full sub VOA and U is a holomorphic simple current extension of (V^ E )® 3 . 

4.1. Simple current extensions of (V~^„ Let V = . For the detail of V, 

see Section 13.11 In this subsection, we study holomorphic VOAs associated to maximal 
totally singular subspaces of (R(V) k , q v ), which correspond to holomorphic simple current 
extensions of V k . 

We will recall the relation between simple current extensions of (V^ E and totally 
singular subspaces of R(V) k from |Shllj . 

Let k be a positive integer. We identify R(V h ) with R(V) k by Lemma [1.31 By Lemma 
13.31 (2), (R(V) k , q v ) is a non-singular lOfc-dimensional quadratic space of plus type over 
F 2 . 

Notation 4.1. Let T be a subset of R{V) k . We define 9J(T) = ®[ M]e rM. 

If T is a totally singular subspace, then QJ(T) = ®[m]£tM is a VOA, which is a simple 
current extension of V k . Conversely, let U be a simple current extension of V k . Then 
£/ ^ 53(T) = ©[A/]er^ f° r some totally singular subspace T of R(V k ). 

Proposition 4.2. |SETT1 Proposition 4.4] Let V = . Then the V k -module 2J(T) = 
©[M]er^ has a simple VOA structure of central charge 8k by extending its V k -module 
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structure if and only if T is a totally singular subspace of R(V) k . Moreover, 03(T) is 
holomorphic if and only if T is maximal. 



Since V is framed, so is 03(T). By Lemmas 13.31 (3) and 13.41 we have Aut(V fc ) = 
0(R(V), qv) I Sym fc . By Lemma [1.41 we obtain the following lemma. 

Lemma 4.3. Let T be a totally singular subspace of R(V) k and let g be an automorphism 
of V k . Then the VOA 03(g o 7~) is isomorphic to 03(T) . 

Lemma 4.4. Let S be a maximal totally singular subspace of R{V) k . 

(1) If 5 contains (ai, 0, . . . , 0), (0, a 2 , 0, . . . , 0), . . . , and (0, . . . , 0, a^) for some ai G 
S \R{V)) X , % — 1, . . . , k, then 53(5) is isomorphic to a lattice VOA Vl- 

(2) If S contains (ai, a 2 , 0, . . . , 0), (0, a 2 , a 3 , 0, . . . , 0), . . . , and (0, . . . , 0, ak-i, a k ) for 
some ai G S(R(V)) X , i = l,...,k, then 03(5) is isomorphic to Vl or its Z 2 - 
orbifold Vl . 

Proof. Recall that conjugate to [0]~ by Lemma [3.31 



If S satisfies the assumption of (1) then by Lemma [4.31 03(5) contains a full sub VOA 
isomorphic to V^ E ®k. Hence we may view 03(5) as a simple current extension of V^^efc, 
and 03(5) is isomorphic to Vl for some even overlattice L of \/2Ef k . 

If 5 satisfies the assumption of (2) then by Lemma [4.31 03(5) contains a full sub VOA 
isomorphic to V^ E&k . Hence we may view 03(5) as a simple current extension of V^ E sk, 
and 03(5) is isomorphic to Vl or Vl for some even overlattice L of V2Ef k . □ 

4.2. Construction of maximal totally singular subspaces of (R 3 ,q 3 ). Let (R,q) be 
a non-singular 2m-dimensional quadratic space of plus type over F 2 . Then (R 3 , q 3 ) is a 
non-singular 6m-dimensional quadratic space of plus type over F 2 . In this subsection, we 
study maximal totally singular subspaces 5 of (R 3 ,q 3 ). 

Let us consider the following two conditions on maximal totally singular subspaces 5 
of R 3 : 

(4.1) (a,0,0),(0,6,0),(0,0,c) G 5 \ {0} for some a,b,cE S(R) X , 

(4.2) (a,6,0),(0,6,c) G 5 \ {0} for some a,b,cE S(R) X , 

where S(R) X is the set of all non-zero singular vectors in R. 



Remark 4.5. If R = R{Y^2 E )> then by Lemma I4.4[ the VOA 03(5) associated to a 
maximal totally singular subspace 5 satisfying (14.11) or (14.21) is isomorphic to a lattice 
VOA V L or its Z 2 -orbifold V L . 
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Now let us construct maximal totally singular subspaces satisfying neither (14. ip nor 

(EES). 



Theorem 4.6. Let Si be a k\- dimensional totally singular subspace of R and let S2 be a 
hi- dimensional totally singular subspace of Si. Assume that m — ki — ki is even. 

Let P be an (m — ki — A^)- dimensional non-singular subspace of S^ of e type, where e £ 
{±}. Let Q be a complementary subspace of Si in (Si _L P)^. Let T be a complementary 
subspace of S2 in (S2 -L P) x - Let U = Q x . Then the following hold: 

(1) T and U are non-singular isomorphic quadratic spaces; 

(2) Let ip be an isomorphism of quadratic spaces from T toU and letS(Si, S2, P, Q, T, ip) 
be the subspace of R 3 defined by 

Span Fa j(si, 0, 0), (0, s 2 , 0), (p,p, 0), (q, 0, q), (0, t, ip(t))\ 8i £ S i} p £ P,q £ Q,t £ T 

Then S(Si, S2, P, Q, T, ip) is a maximal totally singular subspace of R 3 ; 

(3) S(Si, S 2 , P, Q, T, ip) depends only on k\, k 2 and e up to 0(R, q) I Sym 3 ; 



(4) <S(Si, S2, P, Q, T, ip) satisfies neither ^4-1 ) nor h4-<$ - 
Proof. It is easy to see that 

(4.3) dimQ = m — k\ + ki and dimT = dimt/ = m + k\ — k2- 

Since Si is the radical of S^~, both T and Q are non-singular, and so is U. Since P _L Q, 
P _L T and Q _L U are of + type, the types of P, Q, T, U are e, and we obtain (1). 

Clearly the generators of S(Si, S 2 , P, Q, T, ip) are singular and they are perpendicular 
to each other. Hence S(Si, S 2 , P, Q, T, ip) is totally singular. Since 

dim S(Si, S 2 , P, Q, T, ip) = dim Si + dim 5*2 + dimP + dimQ + dimT = 3m, 

it is maximal totally singular. Hence we obtain (2). 

Consider S(S[, S' 2 , P', Q', T', ip') under the assumption that dim S[ = dim Si = ki for i = 
1, 2 and the type of P' is e. Up to the actions oiO(R, q) on the first and second coordinates, 
we may assume that S[ = Si and S' 2 = S2. Moreover, by the action of Stabo(R, q ) (Si) on 
each coordinate, we may assume that P' = P, Q' = Q and that (p,p, 0), (q, 0, q) £ 
S(S[, S' 2 , P', Q f , T', ip 1 ) for all p £ P and q £ Q (cf. Lemma O (2)). Up to the action of 
St&bo(R,q)(S2) Pi StabQ/^ (Q) on the second coordinate, we obtain T' = T. Furthermore, 
by the action of Stab^/^JQ) on the third coordinate, we may assume that ip' = ip, and 
hence we obtain (3). 

(4) follows from the definition of S(Si, S2, P, Q, T,ip). □ 
Remark 4.7. By (3), we denote S(Si, S 2 , P, Q, T, ip) by S(m, ki, k 2 , e). 
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Theorem 4.8. Let Si be a k\- dimensional totally singular subspace of R and let S 2 be a 
k 2 - dimensional totally singular subspace of S±. Assume that m — k\ — k 2 is odd. 

Let P be an (m — k 1 — k2 — 1)- dimensional non-singular subspace of S± of plus type. Let 
Q be an (m — ki + k 2 — 1) -dimensional non-singular subspace of (Si _L P) 1 - of plus type. 
Let B be a complementary subspace of S± in (Si 1 PI Q) L ■ Let T be a complementary 
subspace of S2 in (P _L S% _L B) L . Let U — (Q _L B) L . Then the following hold: 

(1) B is a 2- dimensional non-singular subspace of plus type; 

(2) T and U are isomorphic non-singular quadratic spaces of plus type; 

(3) Let y be the non-singular vector in B and let z be a non-zero singular vector in 
B. Let tp be an isomorphism of quadratic spaces from T to U and set 

S(S 1 ,S 2 ,P,Q 1 B,T,z,<p) = 

Span F J Oi,0,0), (0,s 2 ,0), (p,p,0), (q,0,q), (0,t,<p(t)), (y,y,0), (y,0,y), (z,z,z) 



s t G S h p G P,q G Q,t G Tj. 

Then S(Si, S 2 , P, Q, B, T, z, if) is a maximal totally singular subspace of R 3 ; 

(4) S(Si,S 2 , P,Q,B,T,z,<p) depends only on k±,k 2 up to 0(R,q) ? Sym 3 ; 

(5) S(Si, S 2 , P,Q, B,T, z,ip) satisfies neither d4-l ) nor \4-%fy - 



Proof. It is easy to see that dim I? = (2m — 2ki) — (m — ki — k 2 — l) — (m — ki + k2 — l) = 2. 
Since Si is the radical of S^, B is non-singular. Since P and Q are of plus type, so is B. 
It is easy to see that 

(4.4) dim T = dim U = m + k\ — k 2 — 1. 

Since S2 is the radical of S 2 , T is non-singular. Since the type of P and Q are the same, 
we obtain (2). 

Clearly the generators of <S(Si, S2, P, Q, B, T, z, ip) are singular and they are perpendic- 
ular to each other. Hence S(Si, S 2 , P, Q, B, T, z, ip) is totally singular. Since 

dimS(Si, S2, P, Q, B, T, z, ip) = dim Si + dim S2 + dim P + dim Q + dimT + 3 = 3m, 

it is maximal totally singular. Hence we obtain (3). 

Consider S(S' 1 ,S 2 ,P',Q',B',T',z',<p') under the assumption that dimSj' = dimSj = fc, 

for % = 1,2 and the type of P' is plus. Up to the actions of 0(R,q) on the first and 

second coordinates, we may assume that S[ = S± and S' 2 = S 2 . Moreover, up to the 

action of Stabo(i?,q)(Sj) on each coordinate (cf. Lemma 11.21 (2)), we may assume that 

P> = P i Q> = Q, B' = B, z' = z and that (p,p,0),(q,0,q) G S(S[, S' 2 , P', Q', B', T , z', iff) 
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for all p G P and q G Q. Up to the action of Stabo(R,q)(S 2 ) fl StabQ, R JQ _L 5) on 
the second coordinate, we may assume that T' = T. Furthermore, up to the action of 
StabQ( Rq j(Q _L B) in 0(R,q) on the third coordinate, we may assume that if' = if, and 
hence we obtain (4). 

(5) follows from the definition of S(Si, S 2 , P, Q, B, T, z,<f). □ 
Remark 4.9. By (4), we often denote S(Si, S 2 , P, Q, B, T, z, if) by S(m, k\, k 2 ). 
Next we count the numbers of certain vectors in S(m, ki, k 2 , e) and S(m, ki, k 2 ). 

Lemma 4.10. Let S = S(m, k\, k 2 , e) or S(m, k\, k 2 ) . 

(1) The number of vectors in S of the form o~(a, 0,0), a G S(R) X and a G Sym 3 , is 
2 kl + 2 k2 - 2. 

(2) The number of vectors in S of the form a(b, c, 0), b,c G S(R) and a G Sym 3; is 

2 m-l + 2 m+fci-l + 2^2-1 _ 3 x 2 (m+fci+fc 2 )/2-l j f £ = +; m _ ki _ ^ e 2Z) 
, 2 m-l + 2 m+fci-l + 2 ™+fc 2 -l + 3 x 2 (m+fc 1+ fc 2 )/2-l j£ e= - )m -k 1 -k 2 G 2Z, 
2 m-l + 2 m+fc 2 -l + 2 m+fci-l jf 771 — /c-l — /c 2 G 1 + 2Z. 

Proof. The number of vectors in (1) is equal to the number of all nonzero vectors in S\ 
and S 2 , which is 2 kl + 2 k2 -2. 

Let v = (eii, a2, 03) be a vector in (2). Then one of a, is zero. Assume that m — k\ — k 2 G 
2Z. If a 3 = then a x G a 2 +5i, a 2 e S[P)+S 2 - The number of such vectors is 2 kl+k2 \S{P)\. 
If a 2 = then a\ G 03 + Si, 03 G S(Q). The number of such vectors is 2 fcl |5 , (Q)|. If a% = 
then a 2 G a 3 + S 2 , 03 G S(U). The number of such vectors is 2 k2 \S(U)\. 

Assume that m — k± — k 2 G 2Z + 1. If 03 = then a\ G a 2 + Si and, a 2 G S(P) + S 2 or 
a 2 £ 2/ + S(P) + S 2 . The number of such vectors is 2 kl+k2 \P\. If a 2 = then ai G a 3 + Si 
and, a 3 G S(Q) or a 3 G y + S(Q). The number of such vectors is 2 fcl |Q|. If ai = then 
a 2 G 03 + 1S2 and, a 3 G S(LQ or 03 G y + S(U). The number of such vectors is 2 fc2 |£7|. □ 

4.3. Classification of maximal totally singular subspaces of (P 3 , q 3 ). Let pi denote 
the i-ih coordinate projection P 3 — > P, (01,02,03) Oj. For a subspace 5 of P 3 and 
distinct i,j G {1,2,3}, we denote $W = {v e S \ pi(v) = 0} and <S^ = {v G S \ p,(v) = 
Pj(v) = 0}. The next theorem classifies all maximal totally singular subspaces of P 3 , up 
toO(P,g)?Sym 3 . 

Theorem 4.11. Let S be a maximal totally singular subspace of P 3 . Then up to 0(R, q) I 
Sym 3 , one of the following holds: 

(1) S satisfies H4-l\) ; 
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(2) S satisfies (gj§); 

(3) S is conjugate to S(S±, S 2 , P,Q,T,ip) defined as in Theorem \4-6} ' 

(4) <S is conjugate to S(Si, S 2 , P,Q, B,T, z,<p) defined as in Theorem \4-8[ 

Proof. Let 5 be a maximal totally singular subspace of R 3 satisfying neither (14.11) nor 
flP|) . Set Si = Pi(S (23) ), S 2 = p 2 (5 (13) ), S 3 = p 3 (S (12) ) and k { = dimS;. Up to the action 
of Sym 3 C 0(R, q) I Sym 3 , we may assume that k\ > k 2 > k%. If k% > 1 then S satisfies 
(14. ip . which is a contradiction. Hence k% = 0, and = 0. Up to the action of 0(R, q) 
on the second coordinate, we may assume that S 2 C S\. 

Let V, Q, T be complementary subspaces of _L S^ 13 ) in S^ 3 \ in S^ 2 \ and 
<$( 13 ) i n respectively. By the maximality of S, we have Pi(S) = S^, and hence 
dimp3(5) = 2m, dimp2(<5) = 2m — k 2 and dimpi(<S) = 2m — k\. It is easy to see that 

dimP = m — k\ — k 2 , dim Q = m — k\ + k 2 , dimT = m + k\ — k 2 . 



Since S is totally singular, (pi(V) , Pi(Q)) 
2 = 1,2, 3. By the dimensions, 

(4.5) (p 1 (V)±S l ) ± 

(4.6) (p 2 (V) 1 SJ 1 
(4-7) MQ)) 1 



= ( Pi {V)iPi{T)) = (Pi(T), Pi (Q)) = for 

= pi(Q) _L Si, 

= p 2 (T)LS 2 , 

= Ps(T) 



in R. 

Suppose that the dimension of the radical Rad(pi("P)) of pi(V) is greater than or equal 
to 2. Then by Lemma [1.21 (3), there exist non-zero singular vectors a G Rad(pi('P)) and 
b G R such that (a, b, 0) G V. By (14. 5p . we have a G Pi(Q) _L Si. By the definition 
of V, a ^ Si. This shows that <2 -L S^ 23 ^ contains (a, 0, c) for some non-zero singular 
vector c E R, which contradicts that S does not satisfy (14. 2p . Thus dimRad(pi("P)) < 1. 
Moreover, if dimRad(pi('P)) = 1 then the non-zero vector must be non-singular. By the 
same arguments, we have dimRad(pi(Q)) < 1 and dimRad(p2(T)) < 1. 

Assume that dim Rad(p 1 (P)) = 0. Then m — k\ — k 2 is even. Let e be the type of 

PiiV). Up to the action of Stabo^g)^) on the second coordinate, we may assume that 

V = {(p,p,0) I p G pi(V)}. Moreover, up to the action of 0(R, q) on the third coordinate, 

we may assume that Q = {(q,0,q) \ q G pi(<2)}. By (I4.7p . we have pz(T) = (pi(Q))" 1 . 

Let (p be the map from p 2 (T) to pziT) defined by (0, t, <p(t)) G T. Since T is a subspace 

and q(t) = q(tp(t)) for all t G p 2 (T), <p is an isomorphism from p 2 {T) to pziT). Thus S is 

conjugate to S(Si, S 2 , pi(P), pi(Q), Pi{T), <p) under 0(R,q) I Sym 3 . 
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Assume that dim Kad(pi(V)) = 1. Then m — k\ — k 2 is odd. Let Rad(pi('P)) = ¥ 2 y. By 
the argument in the third paragraph, y must be non-singular. Let P be a complementary 
subspace of ¥ 2 y in Pi(V). Since y is non-singular and is orthogonal to P, we may assume 
that P is of + type. Up to the action of Stabo(_R, g )(S 2 ) on the second coordinate, we 
may assume that V = {(p,p,0) \ p G P _L ¥ 2 y}. By f)4.5j) . y G pi(Q) -L Si. Hence 
we may assume that y G Rad(pi(<2)). Let Q be a complementary subspace of ¥ 2 y in 
Pi(<2). We may assume that Q is of + type. Up to the action of 0(R,q) on the third 
coordinate, we may also assume that Q = {(q,0,q) \ q G Q _L ¥ 2 y}. Since S contains 
(y,y,0) and (y,0,y), we have (0,y,y) G T 1 <S (13) . By g^P, y G p 2 (T) _L S 2 . Hence 
we may assume that y G P2(T), and (0,y,y) G T. Let £> be a complementary subspace 
of S t in (Si _L P 1 Q) x such that y E B. Let T = B ± n p 2 (T) and C/ = B 1 - n p 3 (T). 
Let if be the map from T to U defined by (0, i, <p(i)) G T. Since T is a subspace and 
q(t) = q(<p(t)) for all t G T, <p is an isomorphism from T to U. Since both types of P 
and Q are +, the type of B is also +. Let z be a non-zero singular vector in B. Set 
5' = Span F2 LS( 23 \S( 13 ),P, Q,T}. Then 

(S') ± /S / = Span F2 {(^, z, z) + 5', (y, 0, 0) + 5'}. 

Since y is non-singular, (?/, 0, 0) +<S' ^ «S/«S'. Since S is maximal totally singular, (z, z, z) 
or (z + y,z,z) G iS. Up to the action of Stabo(R, q )(Si) PI Stab^^ ^(P 1 Q 1 F 2 |/) 
on the first coordinate, we may assume that (z, z, z) G S. Therefore S is conjugate to 
S(Si, S 2 , P, Q, B, T, z, <p) under 0(R, q) I Sym 3 . □ 

4.4. Lie algebras of simple current extensions of {V^ E In this subsection, we 
study the Lie algebra structure of 2J(T) for a totally singular subspace T of R(V) k . 

Let S(R(V)) denote the set of all singular vectors in R(V). Set S(R(V)) X = S(R(V)) \ 
{0} and S(R(V)) = R(V) \ S(R(V)). The following lemma is easy. 

Lemma 4.12. Let [M] be a vector in (R(V) k ,qy). Then M\ ^ if and only if [M] = 
a(a, 0, . . . , 0) or [M] = a(b, c, 0, . . . , 0) for some a G S(R(V)) X and b,c G S(R(V)) and 
a G Sym fe . 

Define d : R(V) k ->■ {0, 1, 8} C Z by 

8 iiv = a(a, 0, . . . , 0) for some a G S(R(V)) X , a G Sym fc , 
d{v) = { 1 if w = a(b, c, 0, . . . , 0) for some b, c G S^fY)), a G Sym fc , 
otherwise. 



For a subset T of i?(U) fc , we set d(T) = ^d(u). 
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Lemma 4.13. Let T be a totally singular subspace of R(V) k . Then the dimension of the 
weight 1 subspace of%J(T) is equal to d{T). 

Proof. This follows from Lemma 13.31 (5) and the definition of d. □ 

Lemma 4.14. Let M a , and M c be irreducible modules for V k . Assume that (M x )i ^ 
for x = a,b,c. Let y(-,z) = Yli£C a (i) zl ~ 1 ^ e a non-zero intertwining operator of type 
M a x Mb — > M c . Then for some non-zero vector v G (M a ) 1; the map : (M&)i — > (M c )i 
is non-zero. 

Proof. By the assumption, (M x ) 1 ^ for x G {a, b, c] and [M a ] x [M b ] = [M c ]. Note 
that the fusion rules are preserved by the conjugation action of Aut(V k ) and thus, up to 
Aut(V)?Sym fc , we may assume that [M a ] = ([0]", [0]+, . . . , [0]+) or ([A] + , [A] + [0] + , . . . , [0]+) 
by Lemma [4.121 (2), where A is a vector in (v^s)* with norm 1. 

By the explicit description of the intertwining operator ( |FLM88] ) for [0]~ and [A] + , we 
have f( ) : (Mb)i —> (M c )i is non-zero for some v G (M a )i. □ 

Lemma 4.15. Let T be a totally singular subspace of R(V) k andlA a subspace of T ■ 

(1) The subspace 2J(W)i is a Lie subalgebra of ^0{T)\. 

(2) Assume that (M 1 H M 2 ) 1 = for all [M 1 ] G U, [M 2 ] G T \U with M{ ^ and 
M^O. Then QJ(W)i is an ideal ofV3(T)i. 

(3) Assume that (M 1 B M 2 )i = for all [M 1 ], [M 2 ] G U with M\ ^ and M 2 ^ 0. 
Then 2J(W)i is an abelian subalgebra. 

Proof. Since U is a subspace, QJ(W) is a subVOA of QJ(T). Hence (1) holds. 

For (2), let [M 1 ] G U and [M 2 ] G T with M\ ^ and Mf ^ 0. By the assumption for 
(2), ((M 1 ) 1 )( )(M 2 ) 1 C (M 3 )x = if [M 2 ] G T\W, where [M 3 ] = [M 1 ] x [M 2 ]. Hence (2) 
holds. 

(3) can be proved by the similar arguments in (2). Note also that [M] x [M] = [V k ] for 
any [M] G T. Therefore, (M 1 ) (0) M 1 = since V k = 0. □ 

Lemma 4.16. Let T be a totally singular subspace of R(V) k and [M] an element in T 
with Mi ^ 0. Then for any a G Mi, a( ) is semisimple on QJ(7~)i. 

Proof. If d([M\) = 8 then by LemmaO(l), we may assume that [M] = ([0] _ , [0] + , . . . , [0]+) 
up to Aut(V k ). Since (V£~)i is the weight 1 subspace of Vl, one can see that its action 
on R(V k ) is semisimple by [FLM88] . 

If d([M]) = 1 then dim Mi = 1. Hence the semisimplicity follows from the simple 
current property of M and Lemma 14.141 □ 
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4.5. Lie algebras of holomorphic simple current extensions of (V^ E )® 3 - In this 
subsection, we consider the case k = 3, and study the Lie algebra structure of the weight 
1 subspace of QJ(5) for a maximal totally singular subspace S of R(V) 3 . Recall that 
maximal totally singular subspaces of (R(V) 3 ,qy) were constructed in Theorems 14.61 and 
14. 8[ and were classified in Theorem 14 . 1 1 1 up to Aut(V 3 ) = Aut(V) I Sym 3 . 
Combining Lemmas I4.1UI and 14. 13} we obtain the following. 

Proposition 4.17. Let S = 5(5, k±, k2,e) or 5(5, k\, k 2 ) be the maximal totally singular 
subspace of R(V) 3 given in Theorem \4-6\ or \4-8\ Then the dimension of the weight 1 
subspace o/Q3(5) is equal to 



By Theorem 14.111 and the proposition above, we obtain the following corollary. 
Corollary 4.18. There are exactly 15 maximal totally singular subspaces of R(V) 3 sat- 



d(5(5, 1,0,+)) = 60, d(5(5,l,0,-)) = 84, d(5(5, 3, 0, +)) = 192, 

d(5(5,3,0,-)) = 240, d(5(5, 5, 0, +)) = 744, d(5(5, 2, 1, +)) = 120, 

d(5(5,2, 1,-)) = 168, d(5(5,4,l,+)) = 384, d(5(5, 3, 2, +)) = 240, 

d(5(5,0,0)) = 48, d(5(5,2,0)) = 120, d(5(5, 4, 0)) = 408, 

d(5(5, 1, 1)) = 96, d(5(5,3,l)) = 240, d(5(5, 2, 2)) = 192. 



Let us study the Lie algebra structure of QJ(5) for 5 given in Theorems 14.61 and 14.81 by 
using their explicit descriptions. 

Lemma 4.19. Let S — 5(5, ki, k 2 , e) or S(5, ki, k 2 ). 

(1) If k\ > 1 i/ien £/ie ranA; o/QJ(5)i greater than or equal to 8. 

(2) If k\ > k 2 > 1 £/ien £/ie ranA; 0/01(5)1 edited to 16. 

Proof. Let a G Si \ {0}. Then QJ({(a, 0, 0)})i is an 8-dimensional abelian subalgebra of 
9J(«S)i since a is conjugate to [0]~. Moreover, by Lemma 14. 16^ it is toral. Hence (1) 
follows. 

Assume that h > k 2 > 1. Let s t e Si for i = 1,2. Set H = 9J({(s x , 0, 0), (0, s 2 , 0)}) x . 
Then by Lemmas 14.121 and 14. 16} H is toral abelian and dimH = 16. Let us show that H 
is maximal abelian. 



3(2*1+3 + 2 fe 2 +3 _ 2 ( 3+ fc 1+ fc 2 )/2) if £ = +j fc 1 + fc 2 e2Z+l, 
d(5) = i 3(2 fcl+3 + 2 fc2+3 + 2 ( 3 + fc i+^V 2 ) if e = - jfe! + e 2Z + 1, 
3(2*1+3 + 2 fc 2 +3) if fci + &2 £ 2Z. 




Moreover, 
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Let v G QJ(«S)i such that v^H = 0. It suffices to show that v G H. Let v = X^[Af]es Um > 
where % G Mi. Take [M] = (a, b, c) G <S with vm 7^ 0. Clearly, Mi 7^ 0. By Lemma 
E21 [M] = (a, 0, 0), (0, b, 0) for some a,b G 5( J R(y)) x or [M] = (a, 6, 0), (a, 0, c), (0, 6, c) 
for some a, fe, c G S(i?(V^)). 



First, we consider the case where a, b G S(i?(V)) and c = 0. Then by the definitions 
of S(5,ki,k 2 ,e) and 5(5, fci, k 2 ), a,b <E S^- and hence a + si G S(-R(y)) . Since 5 is a 
subspace, (a + si, 6, 0) = (a, 6, 0) + (s u 0, 0) G S. Let [M'] = (a + si, b, 0). Then M{ ^ 
and by Lemma 14.141 there is h G 2J({(si, 0, 0)})i C H such that (vm)(o)^ 7^ 0. Since the 
projection of V( )h to M' is (vM)(o)h, we have t>(o)/i 7^ 0, which contradicts V(q)H = 0. 
Hence vm = 0. By the same arguments, % = if [M] = (a, b, 0), (a, 0, c) or (0, b, c) with 
a, 6, c G 5CR(V0). 

Next, we consider the case where [M] = (a, 0,0), (0,6,0) for some a, b G S(i?(y)) x . 
Then [M] belongs to {(x,y, 0) | x G Si, y G S2}. Since W(o)if = 0, it is easy to see that 
Mi C H by the similar arguments. Hence t>A/ G if, and f G H . Thus if is maximal 
abelian, and the rank of 3J(<S)i is 16. □ 

Lemma 4.20. Let S = 5(5, k±, k 2 , e) or 5(5, k±, k 2 ). 

(1) If ki = 2,3 and 4 then 23(5)i /ias a semi-simple Lie subalgebra of type (A lt i) 8 , 
(Z) 4j i) 2 and D 8 i, respectively. 

(2) If ki > k 2 > 2 then 5J(5)i /jas a semi-simple Lie subalgebra of type (A^i) 16 . 

(3) If k\ = 3 and k 2 = 2 i/ien 23(5) 1 /ias a semi-simple Lie subalgebra of type 
(£> 4 ,i) 2 (^i,i) 8 . 

Proof. Recall that for 2, 3 and 4 -dimensional totally singular subspaces U of -R(^), 
®[M]et/M are lattice VOAs associated to root lattices Af, D\ and D 8 , respectively. Hence 
we obtain this lemma by Lemma [4. 151 (1). □ 

Lemma 4.21. Let 5 = 5(5, &i, 0, e) be the maximal totally singular subspace of R(V) 3 
given in Theorem \4-6] Let T = {(0, t, <p{t)) \ t G T}. 

(1) The subspace 23(T)i is an ideal of^3(S)\. 

(2) The rank o/QJ(T)i is 2, 4, 8 if dim(T) = 4,6,8, respectively. 

Proof. It is easy to see that T satisfies (MKM')i = for all [M] G T, [M'\ G 5\T with 
Mi ^ and M[ ^ 0. Then (1) follows from Lemma E5] (2). 

Let T be a maximal subset of S(T) such that a + b G S(T) for all distinct a, b G T . 
Set 7o = {(0, t, <f(t)) I t G T }. Then 53(7o)i is a Cartan subalgebra of 5J(T)i by Lemmas 
14.151 (3) and 14.161 It is easy to see that |T | = 2,4,8 if dimT = 4,6,8. Hence we have 
(2). □ 
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Lemma 4.22. Let S = S(5,k\,l,e) be the maximal totally singular subspace of R(V) 3 
given in Theorem \4-6] Let H be a Cartan subalgebra of%l(S)i contained in QJ({(si, s 2 , 0) | 
Si G Si})!. LetT = {(0,t + s,ip(t)) \teT, s e S 2 }\ {(0,5,0) I s G S 2 }. Then 9J(T)i is 
a sum of root spaces corresponding to a sum of irreducible components of root systems of 

9J(S)i. 

Proof. Clearly, H preserves QJ(T)i. Hence Q3(T)i is a sum of root spaces. 

Let [M] G S with M x ^ 0. Then (M H M')i ^ for some [M'] e T if and only if 
[M] gTU{(0,s,0) I s G ^j. Hence we obtain this lemma. □ 

Lemma 4.23. Let S = 5(5, ki, 0) be the maximal totally singular subspace of R(V) 3 given 
in Theorem \4-8[ Let T — {(0, t, <p(t)) \ t G T _L F 2 y} \ {(0, y, ?/)}, where <p(y) = y. 

(1) The subspace QJ(T)i an ideal o/QJ(«S)i. 

^ Xei 2m 6e i/je dimension of T . Then the rank o/9J(T)i 2 m — 1. 

Proo/. It is easy to see that T satisfies (M M M')\ = for all [M] G T, [AT'] G <S \ T with 
Mx ^ and M{ ^ 0. Then (1) follows from Lemma ESI (2). 

Let U be a maximal totally singular subspace of T. Then dimf/ = m. Set W = 
{(0, a + j/, p(a) + 2/) I a G U} \ {(0, y, y)} and # = 9J(W)i. Then M 1 ^ for all [M] G W. 
Moreover for [M], [M'\ eU, (MM M')i = 0. By Lemma HTTS] (3), H is abelian, and its 
dimension is 2 m — 1. By Lemma [4.161 it is toral. Let us show that H is maximal. 

Let v G QJ(T)i with v^H = 0. Let v = J2[M]eT VM ' where % G Mi. Suppose that 
v M ^ for [M] = (0, b + y, cp(b) + y), b G S(T). lib^U then there exists ceU such that 
(6, c) = 1, then (vm)(o)M[ 7^ 0, where [M 1 ] = (0,c + y,<p(c) + y). It contradicts V(p)H = 0. 
Hence b e U. Suppose that v M ^ for [M] = (0,6, ¥>(&))» & e 5(T). Then there exists 
c G U such that (6, c) = 1, then (v M ) {0) M' ^ 0, where [M'\ = (0,c+y,ip(c) +y). This 
contradicts the assumption. Thus v G H, and we obtain (2). □ 

Later, we use the following lemma about holomorphic VOAs of central charge 16. 

Lemma 4.24. (1) The 7h 2 -orbifold of Ve 8 ®e 8 ^ s isomorphic to V D +^, and that of V D +^ 
is isomorphic to Ve 8 ®e 8 - 

(2) LetT = {(a, a) | a G R(V)}. Then 3J(T) = V D +. 

Proof. By |Sh06| Lemma 3.4] both V^ ge£g and are isomorphic to Vjv for some even 
lattice N such that E 8 © _E 8 and Df e are even overlattices of N of index 2. Hence we 
obtain (1). 

Let Uo be a maximal totally singular subspace of R{V). Let 7o = {(a, 0) | a, b G C/o}- 
Then 2J(7o) — Ve 8 ®e 8 - Consider its Z 2 -orbifold associated to the lift of (—1,-1) G 
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Aut(y/2E 8 © y/2E B ). Then it is isomorphic to 9J(7I), where T\ = {(a, 6) |o,6el/i}ffi 
{(a, a) | a G i7(}, where U\ is a codimension 1 subspace of U and [/{ is a complementary 
subspace of C7i in [7^. By (1), QJ(Ti) = . 

Let 7i = {(a, 6) | a, b G £/j} © {(a, a) | a G £/•}, where [/, is a codimension 1 subspace of 
£/i_i and U- is a complementary subspace of Ui in By the same argument, we obtain 
2?(T 2 ) = V Es(BEa , 2J(T 3 ) = V D + 5J(T 4 ) = Vb^, and 2J(T 5 ) = V D+ Since T 5 = T, we 

16 16 

obtain this lemma. □ 

4.6. Determination of the Lie algebra structure of 03(5) for 5 C R(V) 3 . In this 
subsection, we determine the Lie algebra structure of the weight 1 subspace of QJ(5) for 
5 = 5(5, fci, fc 2 , e) and 5(5, ki, k 2 ). 

First we will recall several important results from |DM04l IDM06] . 

Proposition 4.25. |DM04t Theorem 3 and (3.6)] Let V be a C2-cofinite holomorphic 
VOA of CFT type. Suppose the central charge of V is 24. 

(a) The Lie algebra V\ has Lie rank less than or equal to 24 and is either abelian (including 
0) or semisimple. 

(b) Suppose V\ is semisimple, that is, 

V\ = © 02,fc 2 © • • • © Qn,k n , 

where Qi is a simple Lie algebra whose affine Lie algebra has level ki onV . Then 

(4 - 8) h ~ 24 ' 

where K{ is the dual Coxeter number offa. In particular, the ratio /ki is independent 
of Si- 

Proposition 4.26. [DM06t Theorem 3.1] Let V be a simple self-dual VOA which is C 2 - 
cofinite and of CFT type. Let q be a simple Lie subalgebra of V\, k the level of V as 
module for the corresponding affine Lie algebra. Then k is a positive integer. 

Remark 4.27. Let T be a totally singular subspace of R(V) k . Since 23 (T) is framed, it is 
simple, rational, CVcofinite and of CFT type ( [DGH98] ). 

Case: 5 = 5(5,1,0,+). By Lemma El and Corollary Ell dimQJ(5)i = 60. By 
Proposition 14.251 each simple component Qi of 23(5)i satisfies hi/ki = 3/2. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 


A 2 ,2 


A 5A 


C*2,2 


-85,6 


C*5,4 


£>4,4 


-^4,6 


h v 


3 


6 


3 


9 


6 


6 


9 


Dimension 


8 


35 


10 


55 


55 


28 


52 
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By Lemma 14. 2 1[ 2J(5)i has a 2 8- dimensional ideal with rank 4. Hence 23(5) i is isomorphic 
to D AA {A 2t2 y. 

Proposition 4.28. The Lie algebra structure of 03(5(5, 1, 0, +))i is -04,4(^2,2) • 

Case: 5 = 5(5,1,0,-). By Lemma S and Corollary SIEB1 dim9J(«S)i = 84. By 
Proposition I4.25[ each simple component Qi of Q?(5)i satisfies hi/ki = 5/2. Hence by 
Proposition I4.26[ Qi is one of the following. 



Type 


^4,2 




C*4,2 


Ai,4 




5 


5 


5 


10 


Dimension 


24 


21 


36 


66 



By Lemma 14.211 53(5)i has a 36-dimensional ideal with rank 4. Hence QJ(5)i must be 
isomorphic to (^(A^) 2 - 

Proposition 4.29. The Lie algebra structure of QJ(5(5, 1, 0, — ))i is C^iA^) 2 ■ 

Case: 5 = 5(5,3,0,+). By Lemma |47t3] and Corollary SHI dimQ3(5)i = 192. By 
Proposition 14.251 each simple component Qi of 23(5)i satisfies hi/ki = 7. Hence by 
Proposition I4.26[ Qi is one of the following. 



Type 


A 6 ,i 


-84,1 


M6,l 


D 8 ,2 


h y 


7 


7 


7 


14 


Dimension 


48 


36 


78 


120 



By Lemma [4.211 5J(5)i has a 120-dimensional ideal with rank 8. Hence QJ(5)i must be 
isomorphic to -Ds,2(-E?4,i) 2 - 

Proposition 4.30. The Lie algebra structure of QJ(5(5, 3, 0, +))i is Dg^iB^i) 2 . 

Case: 5 = 5(5,3,0,-). By Lemma EM and Corollary SHI dimQJ(5)i = 240. By 
Proposition 14.251 each simple component Qi of 23(5)i satisfies hi/ki = 9. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 


A 8 ,i 


Br h l 


C*8,l 


D\Q,2 


£7,2 




h v 


9 


9 


9 


18 


18 


9 


Dimension 


80 


55 


136 


190 


133 


52 



By Lemma [4.211 5J(5)i has a 136-dimensional ideal with rank 8. Hence QJ(5)i must be 
isomorphic to Cs,i(F^i) 2 . 

Proposition 4.31. The Lie algebra structure of QJ(5(5, 3, 0, — ))i is Cg^F^i) 2 . 
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Case: 5 = 5(5,5,0,+). By Lemma KM and Corollary SHI dim2J(5)i = 744. By 
Proposition 14.251 each simple component Qi satisfies hi/ki = 30. Hence by Proposition 
Qi is -Di 6j i or E 8) i. Note that their dimensions are 496 and 248. Hence 23(5)i is 
isomorphic to (E 8 i) 3 or i? 81 D 161 . 

By the construction in Theorem I4.6[ Si is a 5-dimensional totally singular space. Then 
we have P = Q = and T = U = R(V). Hence, 5(5, 5, 0, +) is spanned by 

(a, 0, 0), a £ Si, 

(0,6,6), beR(V). 

Since Si is a maximal totally singular subspace of R(V), QJ({(a, 0, 0) | a £ Si}) is isomor- 
phic to V Ea ® V® 2 . By Lemma KM 9J({(0, b, b) \ b £ f2(V)}) is isomorphic to V <g> . 
Hence we obtain the following. 

Proposition 4.32. T7ie QJ(5(5, 5, 0, +)) is isomorphic to the lattice VOA associated 
to the Niemeier lattice N(E 8 Di 6 ). 

Case: 5 = 5(5,2,1,+). By Lemma El and Corollary KM, dim23(5)i = 120. By 
Proposition I4.25[ each simple component Qi of 23(5)i satisfies hi/ki = 4. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 


A 3A 


A T ,2 


c 3A 




D 5 , 2 


D 7 , 3 


-^6,3 




h v 


4 


8 


4 


8 


8 


12 


12 


4 


Dimension 


15 


63 


21 


105 


45 


91 


78 


14 



By Lemma T4.22[ 23(5) i contains an ideal with 56-dimensional root space. Hence 2J(5)i is 
isomorphic to A 7t2 (C 3 ^) 2 A 3:1 or A 7:2 A 3A (G 2 ,i) 3 . By LemmaEOQl 2J(5)i contains (Ai :1 ) 8 . 
Hence it must be isomorphic to A 72 (C 3: i) 2 A 3 i. 

Proposition 4.33. The Lie algebra structure of 53(5(5, 2, 1, +))i is A 7 ^{C 3 ^i) 2 A 3 ^. 

Case: 5 = 5(5,2,1,-). By Lemma KM and Corollary SHI dimQ3(5)i = 168. By 
Proposition 14.251 each simple component Qi of 53(5)i satisfies hi/ki = 6. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 


4s,i 


An,2 




#4,1 


£7,2 


Ee,2 


E 7 , 3 


h v 


6 


12 


6 


6 


12 


12 


18 


Dimension 


35 


143 


55 


28 


91 


78 


133 



By Lemma [4.22[ 23(5) 1 contains an ideal with 72-dimensional root space. Hence 23(5) 1 
is isomorphic to Eq^C^A^ 

Proposition 4.34. The Lie algebra structure 0/03(5(5,2,1,—))! is Eq^C^^A^^. 
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Case: 5 = 5(5,4,1,+). By Lemma EH and Corollary SHI dim93(5)i = 384. By 
Proposition I4.25[ each simple component of 93(5) i satisfies hi/ki = 15. Hence by 
Proposition 14.261 8i is one of the following. 



Type 


^14,1 


#8,1 


Eg,2 


h y 


15 


15 


30 


Dimension 


224 


136 


248 



Hence 93(5) i is isomorphic to Es^B^i- 

Proposition 4.35. The Lie algebra structure of 93(5(5, 4, 1, +))i is E%pB&,i- 

Remark 4.36. In |Sc93j . E 82 Bs,i was written as E 8 2 Be t \, which is a misprint. 

Case: 5 = 5(5,3,2,+). By Lemma S+3] and Corollary SH dim93(5)i = 240. By 
Proposition 14.251 each simple component Qi of 93(5) i satisfies hi/ki = 9. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 


A 8 ,i 


Br h i 


C*8,l 


D\0,2 


^7,2 




h v 


9 


9 


9 


18 


18 


9 


Dimension 


80 


55 


136 


190 


133 
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Hence 93(5) i is isomorphic to (A 8jl ) 3 , C 8> i(F 4il ) 2 or 5 5j1 E 7i 2-F 4j1 . By Lemma l4~T9l the 
rank of 93(5) i is 16. Moreover, by Lemma 14.201 93(5) i has a subalgebra (-D4,i) 2 (Al ; i) 8 . 
Hence 93(5) i must be isomorphic to Cg^F^i) 2 . 

Proposition 4.37. The Lie algebra structure of 93(5(5, 3, 2, +))i is C$,i (F^i) 2 . 

Case: 5 = 5(5,0,0). By LemmaEland Corollary S+3 dim93(5)i = 48. By Proposi- 
tions E25J each simple component Qi of 93(5) i satisfies hi/ki = 1. 

We use the notation in Theorem 14.81 Set T = Span F2 {(y, y, 0), (y, 0, y)} C 5. Then 
93(T) i is a 3-dimensional ideal of 93(5)i isomorphic to a Lie algebra of type A\. Moreover, 
by Lemma [4.231 93(5) i has a 15- dimensional ideal 

93({(a + y, a + y, 0), (6, b, 0) | a G 5(P) X , 6 G S(P)})i 

of rank 3. By the same argument in the proof of Lemma I4.23[ 

93({(a + y, 0, a + y), (b, 0, 6) | a G S(Q) X , 6 G 5(Q)})i, 
93({(0, a + y, <p(a) + y), (0, 6, <p(b)) \ a G S(T) X , b G 5fT)}) 1; 

are 15-dimensional ideals of rank 3. Hence by Proposition 14.261 93(5) i is isomorphic to 

(^3,4) 3 A,2. 
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Proposition 4.38. The Lie algebra structure o '/93(5 '(5, 0, 0))i is (A 3 ^) 3 A 12 - 



Case: 5 = 5(5,2,0). By Lemma E3 and Corollary EH dim93(5)i = 120. By 
Proposition 14.251 each simple component Qi of 93(5)i satisfies hi/ki = 4. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 


A 3 ,i 


A 7 , 2 


C 3 ,i 


C*7,2 


£5,2 


#7,3 


#6,3 




h y 


4 


8 


4 


8 


8 


12 


12 


4 


Dimension 


15 


63 


21 


105 


45 


91 


78 


14 



By Lemma 14.231 93(5) 1 has a 63-dimensional ideal. Hence 93(5) 1 must be isomorphic 
to A 7i2 (C , 3 i i) 2 A 3i i or A 7i2 A 3i1 (G2,i) 3 - By Lemma KM the 57-dimensional ideal of 93(5)i 
contains (A x 5 i) 8 . Hence 93(5) 1 must be isomorphic to A 7>2 {C 3> i) 2 A 3 ^. 

Proposition 4.39. The Lie algebra structure of 93(5(5, 2, 0))i Ay^C^i) 2 ^!. 

Case: 5 = 5(5,4,0). By Lemma \4~M and Corollary OS dim93(5)i = 408. By 
Proposition 14.25} each simple component Qi of 93(5) 1 satisfies hi/ki = 16. Hence by 
Proposition I4.26[ Qi is of type A 151 or D 9 i. Note that their dimensions are 255 and 153. 
Hence 93(5) 1 is isomorphic to A^^Dg^. 

Proposition 4.40. The VOA 93(5(5,4,0)) is isomorphic to the lattice VOA associated 
with the Niemeier lattice N(Ai<~,Dq). 

Case: 5 = 5(5, 1, 1). By Lemma |443] and Corollary KM dim93(5)i = 96. By Proposi- 
tions K2M each simple component Qi of 93(5) 1 satisfies hi/ki = 3. Hence by Proposition 
I4.26[ Qi is one of the following. 



Type 


A 2 ,i 


A,2 


^8,3 


C-2,1 


-85,3 


C*5,2 


£4,2 


#7,4 


Eq,4 


-^4,3 


h y 


3 


6 


9 


3 


9 


6 


6 


12 


12 


9 


Dimension 


8 


35 


80 


10 


55 


55 


28 


91 


78 


52 



Take non-zero tj G Sj. Then by Lemma T4.191 H = 93({(ti, 0, 0), (0,t 2 ,0)})i is a Cartan 
subalgebra of 93(5) 1, and the rank is 16. Consider the root space decomposition with 
respect to H. Then it is easy to see that 

%3({(y + si,y + s 2 ,0),(y + s 1 ,0,y),(0,y + s 2 ,y) | s { G 5i})i, 
*8({(y + a + s 1 ,y + a + s 2 ,0),(b + s 1 ,b + s 2 , 0) | s< e Si, a G S(P), 6 G S(P)})i, 
93({(y + a + Sl , 0, y + a), (b + s u 0, b) | Sl G S 1; a G S(Q), 6 G 5(0) })i, 
93({(0,y + a + S2 ,y + ^(a)),(0,6 + s 2 ,(^(6)) | s 2 G S 2 , a G S(T), b G S(T)})i 
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are mutually orthogonal root spaces. Here we use the same notations as in Theorem 14.81 
Note that their dimensions are 8, 12, 30, 30. Hence the 8- dimensional and 12- dimensional 
root spaces are C 2 ,\ and (A 2jl ) 2 , respectively. Note that the 30-dimensional root space 
is (y4 2j i) 5 , D^ 2 A 2} \ or ^5,2- Since the rank of 93(5)i is 16, 93(5)i must be isomorphic to 

(^5,2) 2 C 2 , 1 (A 2 , 1 ) 2 . 

Proposition 4.41. The Lie algebra structure of 51(5(5, 1, l))i is (A 5:2 ) 2 C 2 ^(A 2t i) 2 . 

Case: 5 = 5(5,3,1). By Lemma and Corollary EH dim93(5)i = 240. By 
Proposition 14.251 each simple component Qi of 93(5)i satisfies hi/ki = 9. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 






C*8,l 


D\0,2 


^7,2 


*4,1 


h y 


9 


9 


9 


18 


18 


9 


Dimension 


80 


55 


136 


190 


133 


52 



Take non-zero ij G Sj. Then by Lemma T4.191 93({(ti, 0, 0), (0, t 2 , 0)})i is a Cartan 
subalgebra of 93(5) i, and the rank is 16. By the similar arguments as in Lemma 14.221 
03(5) i has rank 16 and has an ideal 

93({(0, y + a + s 2 , y + <p(a)), (0, b + s 2 , <p{b)) \ s 2 G S 2 , a G S(T), b G W)})i 

with 126-dimensional root space. Hence 93(5) i contains E 7)2 and the Lie algebra structure 
of 93(5) i is isomorphic to ^7,2-05,1^4,1 ■ 

Proposition 4.42. The Lie algebra structure o/ 93(5(5, 3, l))i is Ej_ 2 B^ t \F^\. 

Case: 5 = 5(5,2,2). By Lemma El and Corollary EM dim93(5)i = 192. By 
Proposition 14.251 each simple component Qi of 93(5) i satisfies hi/ki = 7. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 


A,i 


-04,1 


Mb,i 


D 8 ,2 


h v 


7 


7 


7 


14 


Dimension 


48 


36 


78 


120 



By Lemma I4.19[ the rank is 16. Hence 93(5) i must be isomorphic to -Ds,2(-B4,i) 2 or 
{C^ifB^i. Moreover, by Lemma 14. 20[ 93(5) i has a subalgebra of type (Ai t i) 16 . Hence it 
must be isomorphic to ((7 6il ) 2 S 4| i. 

Proposition 4.43. The Lie algebra structure of 93(5(5, 2, 2))i is {C^ifB^x. 
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4.7. Isomorphism type of the VOA 93(5(5, 3, 0, +)). In this subsection, we will show 
that the VOA 93(5(5, 3, 0, +)) is isomorphic to Vn(a 15 d 9 )- In order to do it, we use the 
Z 2 -orbifolds of VOAs associated to maximal totally singular subspaces of R(V) 3 . 

Let 5 be a maximal totally singular subspace of R(V) 3 . Then 93(5) is a holomorphic 
VOA. Let W G R{Vf \ 5 with $(W) = 0. Let xw ■ 5 -> Z 2 be the character of 5 
defined by XwiW') = (W,W). Then x^v induces the automorphism g w of 93(5) acting 
on M' by (-l)xw(w') for jy/ = [ M /] £ 5 

Proposition 4.44. JTie Z 2 -orbifold o/93(5) associated to gw is given by 93(Span F2 {H / , 5fl 

Proof. The subspace fixed by <?vk is 93(5 D W^ -1 ). By the maximality of 5, the irreducible 
modules for 93(5 n W- 1 ) with integral weights are 93(5 n W^), 93(5 \ W^) and QJ(W + 
(5 fl W 7 " 1 )). Hence the Z 2 -orbifold of 53(5) associated to gw is 

93(5 n W L ) ® Zl(W + (5 H W^)) = 2J(Span F2 {W, S HW^}) 

as desired. □ 

Let us consider 5 = 5(5, 4, 0). Then 5 = Span F2 {(s, 0, 0), (0, t, t), (y, y, 0), (y, 0, y), (z, z, z) 
s G S\,t G T}, where T is an 8-dimensional non-singular quadratic subspace of R(V), 
Span F2 {y, z} is the orthogonal complement of T in R(V), and Si is a maximal totally 
singular subspace of T (see Theorem 14. 81) . Note that qv(y) = 1, <2V(^) = and (y, z) = 1. 
Take s G Si and t G T with qv(t ) — and (s ,t ) = 1. Set W = (t ,0,z). Then 
Span F2 {H/, 50^} = Span F2 {(s, 0, 0), (0, t, t), (y, y, 0), (to, 0, z), (t +z, z, 0), (s + y, 0, y) | 
s G Si H tg", t G T}. Since for % — 1, 2 and j = 1, 3, pj(Span F2 {(|/, y, 0), (to + z, z, 0)}) and 
Pj(Span F2 {(to, 0, z), (so + 0, y)}) are non-singular 2-dimensional quadratic subspaces of 
plus type, Span F {W, 5nW /± } is conjugate to 5(5, 3, 0, +) under Aut(V) ?Sym 3 . Hence by 
PropositionS31 93(5(5, 3, 0, +)) is obtained by the Z 2 -orbifold of 93(5(5, 4, 0)) associated 
to g w . 

Recall from Proposition 14.401 that 93(5(5,4,0)) is isomorphic to the VOA associated 
to the Niemeier lattice N(Ais t iDg t i). Let us show that gw is conjugate to a lift of the 
— 1-isometry of the lattice N(Ai 51 D 91 ). By |DGH98[ Appendix D], it suffices to show 
that gw acts by —1 on a Cartan subalgebra of 93(5(5, 4, 0))i. Consider the subspace 
93({(s , 0, 0), (0, s + y, s + y) \ s G Si})i of 93(5(5, 4, 0))i. Then by Lemmas I4TT61 and 
14.23^ it is a 24-dimensional toral abelian subalgebra, that is, a Cartan subalgebra. Since 
{(s , 0, 0), (0, s + y, s + y) \ s G Si} fl W 1 - = 0, gw acts by —1 on this Cartan subalgebra. 
Thus we obtain the following proposition. 

Proposition 4.45. The VOA 93(5(5,3,0,+)) is isomorphic to Vjv(^ 18 r) 9 )- 
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Classification of Lie algebra structures. By Lemmas 11.41 and 14. 3[ Theorem I4.11[ 
Proposition 14.21 and Section 4.6, we obtain the following theorem. 

Theorem 4.46. Let U be a holomorphic simple current extension of {V^ E )® 3 . Then 
one of the following holds: 

(1) U is isomorphic to a lattice VOA Vn or its ^-orbifold Vn for some even unimod- 
ular lattice N; 

(2) The weight one subspace U\ is isomorphic to one of the Lie algebras in Table^ 

Table 4. Lie algebra structure of 2J(5)i for 5 C ^(V^) 3 



s 


dim9J(5)i 


Lie algebra 


No. in |Sc93] 


Ref. 


5(5,1,0,+) 


60 




13 


New 


5(5,1,0,-) 


84 




22 


New 


5(5,3,0,+) 


192 




47 


V N (A 15 D g ) 


5(5,3,0,-) 


240 


C8,l(-^4,l) 2 


52 


New 


5(5,5,0,+) 


744 


8*16, 1-^8,1 


69 


V N ( Dl6 E 8 ) 


5(5,2,1,+) 


120 


^7,2(C , 3,l) 2 ^3,l 


33 


[Lall] 


5(5,2,1,-) 


168 


^6,2^,1^.5,1 


44 


New 


5(5,4,1,+) 


384 


-^8,2^8,1 


62 


New 


5(5,3,2,+) 


240 


C8,l(-^4,l) 2 


52 


New 


5(5,0,0) 


48 


(^3,4)^1,2 


7 


[Lall] 


5(5,2,0) 


120 


^7,2(C3,l) 2 ^i3,l 


33 


[Lall] 


5(5,4,0) 


408 


^■15,1-^9,1 


63 


V N (A 15 Dg) 


5(5,1,1) 


96 


(A 5 , 2 ) 2 C 2 , 1 (A 2)1 ) 2 


26 


[Lall] 


5(5,3,1) 


240 


^7,2-85,1-^4,1 


53 


New 


5(5,2,2) 


192 


(C6,l) 2 -84,1 


48 


[Lall] 



5. Framed VOAs associated to subcodes of D(e 8 ) © 25 (die) 

Recall that D^d^) 1 - = Span Z2 {c?(fi 6 ), £(df 6 )} and the corresponding binary code VOA 
is isomorphic to V^ D + . Note also that D(e 8 ) ± = RM(2,4) and M RM ( 2 ,4) = v ^ Es - 

Throughout this section, let V = V^2 Ea an d X = V^ D+ . For the detail of V and X, see 
Sections 3.1 and 3.2, respectively. In this section, we study holomorphic VOAs associated 
to maximal totally singular subspaces of (R(X) © R(V), qx + qv), which are holomorphic 
simple current extensions of X © V, and classify such VOAs. 
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5.1. Simple current extensions of V~t-, © V}-„ . In this section, we study relations 
between simple current extensions of X®V and totally singular subspaces of R(X)(£>R(V). 

We identify R(X © V) with R(X) © by Lemma O By Lemmas E3] (2) and ESI 

(2), (R(X) Q)R(V), qx + Qv) is a non-singular 28-dimensional quadratic space of plus type 
over F2. 

Notation 5.1. Let T be a subset of R(X) © fl(V). Define QJ(T) = © Me7 -M. 

The following proposition can be shown by the same argument in [Shllj (cf. Proposition 

Q. 

Proposition 5.2. Let V = and X = V+, . Then the X © V -module QJ(T) = 

(B[m]gtM has a simple VOA structure which extends its X © V -module structure if and 
only if T is a totally singular subspace of R(X) (B R{V). Moreover, 2J(T) is holomorphic 
if and only if T is maximal. 

Remark 5.3. Let T be a totally singular subspace of R(X) © R{V). Since V and X 
are framed, so is QJ(T). Hence 5J(T) is simple, rational, C 2 -cofinite and of CFT type 
( |DGH98] \ 

Clearly Aut(X © V) contains Aut(X) x Aut(V r ). By Lemma Ol conjugates of 23(T) 
under Aut(A © V) give isomorphic VOAs. 

Lemma 5.4. Let S be a maximal totally singular subspace of R(X) © R{V). 

(1) IfS contains (ai,0), (0, a 2 ) for some a x G {[0] _ , [a^} C -R(X) anda 2 G S'(i?(V^)) x 
t/ien 5J(iS) isomorphic to a lattice VOA Vj,. 

(%) 7/5 contains (ai,a 2 ) /or some ai G {[0]~, [tti] 1 * 1 } C -R(A) and a 2 G S(i?(V)) x 
i/ien QJ(iS) isomorphic to Vl or its ^-orbifold Vl. 

(3) If S contains ([a c /2] e ,0) with wt(c) = 8 then QJ(<S) contains a full subVOA iso- 
morphic to (y^2 E )® 3 - 

Proof. Recall that the orbit of [0]~ in Aut(A) is {[0]", [a^} (see Table EJ. Hence (1) 
and (2) are shown by the same argument in Lemma 14.41 

If S contains [o c /2] e with wt(c) = 8 then up to conjugation, we may assume that 
([a c /2] + ,0) G S. Hence 9J(5) contains a full sub VOA isomorphic to V^, © V^, 

by Lemma [3.51 which proves (3). □ 



Lemma 5.5. Let T be a totally singular subspace of R(X) © R(V) and [M] an element 
in T with Mi ^ 0. Then for any a G M 1; d( ) is semisimple on QJ(T)i. 
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Proof. By the action of Aut(X (g) V) (cf. Table [3]), we may assume that [M] is the tensor 
product of irreducible modules of untwisted type for X and V. Hence this lemma follows 
from |FLM88j . □ 

5.2. Classification of maximal totally singular subspaces of R(X) ®R(Y). In this 
subsection, we study maximal totally singular subspaces of R(X) © R(V). Let p\ and 
p2 denote the projections from R(X) © R(V) to R(X) and to R(V), respectively. For a 
subset S of R(X) © R(V), let <S« = {W G S | ^(W) = 0}. 

Lemma 5.6. Let S be a maximal totally singular subspace of R{X) © R(V). Then the 
following hold: 

(1) For {i,j} = {1,2}, (h(S) = Pi (S^; 

(2) There is a bisection from pi(S)/pi(S^) to p 2 (S) / p 2 (S^) ; 

(3) dim/>i(S( 2 )) > 4. 

Proof. (1) follows from the maximality of S. 

Let H/ 1 G pi(S). Then there is W 2 G p 2 («S) such that (W 1 , H^ 2 ) G 5. By the definition 
of the map W\ + pi(£( 2 )) h- >• W 2 + P2(<S^) is a well-defined bijection, which proves (2). 

Since S is maximal, dim S = 14. (3) follows from dimR(V) = 10. □ 

Proposition 5.7. Let S be a maximal totally singular subspace of R(X) ffi R(V) . Assume 
that dimpi(<S( 2 )) > 5. Then one of the following holds: 

(1) QJ(<S) contains a full subVOA isomorphic to {Y^ E )® 3 / 

(2) QJ(iS) is isomorphic to a lattice VOA or its Z 2 -orbifold; 

(3) pi(S^) is conjugate to 

Span F2 {[a (1 4 i 2) /2] + , [a (1 2 2 1 2 io ) /2] + , [a (( io)4 8)/2] + , [a (1 i 6) /4] + , [xo] + }- 

Proof. Set T = pi(S^ 2 ') and d = dimT. Note that T is a totally singular subspace of 
R(X). By the assumption, dimp2('S) = 14 — d < 9. Hence dmiiS^ > 1. Up to the action 
of Aut(V^ ) on the second coordinate, we may assume that S contains ([0] + , [0] - ). 

Set Ti = {[A] ± | A G {y/2Df 6 y/y/2Dt 6 }nT. Then by Proposition EU T x is a subspace 
of T, and dimT/Ti < 1, that is, dimTi > d — 1. If T contains [0]~ then (2) holds by the 
first paragraph and Lemma [5.41 (1). Hence, we may assume T does not contain [0]~. 

Let L be the overlattice of y/2Df 6 such that T\ = {[A] e | A G L/\^2Df 6 }. Since Ti is 
totally singular, L is even. It follows from dimTi > d— 1 that \L/y/2Df e \ > 2 d ~ 1 . We now 
use the descriptions of y/2Df 6 and its dual lattice given in Section 3.2. Then L contains 
a sublattice 

Li= ^(« 4 + «i) + ^^(y-^«i) 

l<ij'<16 ceC* 
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such that L/Li C Span F2 {ai, a^ie^/A — ad/2}, where S c E {0,1}, d E £i6 and C is a 
doubly even code. If Lj \/2Df 6 contains a\ + y/2Df 6 then up to the action of Aut(V% + ) 
on T, T contains [0]~ by Table EJ and (2) holds. Hence we may assume that \LjL\\ < 2, 
which implies \Li/y/2Df 6 \ > 2 d ~ 2 , namely, dimC > d — 1. If dimC > 5 then C has a 
weight 8 codeword, and by Lemma [5.41 (3). (1) holds. In particular, if d > 6 then (1) or 
(3) holds. 

Assume d = 5. If \T/T\\ = 1 or \LjL\\ = 1 then dimC > 6, and (1) holds. Hence we 
may assume that T jT\ = {[0] + , [xa] + } and that L/L 1 = {0,a(!i6)/4 — ad/2}. By Lemma 
I5.4[ we also may assume that C does not have weight 8 codewords. Hence C is equivalent 
to Span F2 {(l 4 14 ), (1 2 2 1 2 10 ), ((10) 4 8 ), (l 16 )}. Up to the action of lifts of Aut( v / 2^ 1 + 6 ) 
to Aut(V"t , ), T is conjugate to 

Span F2 {[a ( i4 i 2) /2] + , [a (1 2 2 1 2 io ) /2] + , [a ((10 )4 8)/2], + [a (1 i 6) /4] + , [xx] + }- 

Since T is totally singular, (A, A) + (v + A, v + A) E 2Z for all v E L by Proposition 
I3TT1 Hence (A, v) E Z for all v E L. Up to the action of (A,-) E Hom( v / 2 J D+ 6 , Z 2 ) C 
Aut(Vl- + ), we may assume that A = 0. Hence (3) holds. □ 

Proposition 5.8. Let S be a maximal totally singular sub space of R(X) (B R{V) . Assume 
that dim pi (S^ 2 >) = 4. Then one of the following holds: 

(1) V contains a full subVOA isomorphic to {V^ E ) (gl3 ; 

(2) V is isomorphic to a lattice VOA or its %2-orbifold; 

(3) p\{S {2) ) is conjugate to Span F2 {[0]~, [ai] + , [a ( i4 i2)/2] + , [a ( i2 2 1 2 io ) /2] + }; 

(4) pi(S {2) ) is conjugate to Span F2 {[0]~, [a (1 4 i 2) /2] + , [a (1 2 2 1 2 io ) /2]+, [a ({10) 4 8 ) /2] + }; 

(5) pi(5 (2) ) is conjugate to Span F2 {[0] _ , [a (1 4 i2)/2] + , [a ( i2 2 1 2 io ) /2] + , [a (1 i 6) /4] + }; 

(6) pi{S {2) ) is conjugate to Span F2 {[a ( i4 i 2) /2] + , [a ( i2 2 1 2 io ) /2] + , [a (1 i 6) /4] + , [xo] + }- 

Proof. Set T = pi(S^). If T contains [ac/2] 1 * 1 with wt(c) = 8 then (1) holds by Lemma 
15.41 (3). Hence we may assume that T does not contain such elements. If T contains 
neither [0]~ nor [x\} + then T x \T contains [0] _ by Lemmas I3.2l and 15.61 (1). In this case, 
(2) holds up to conjugation. Hence we may assume that T contains [0]~ or [xa] + - 
Assume that T contains [0]~. Then by Lemma [3.21 T is a subset of 

{[0] ± , [a 1 ] ± , [a c /2] ± , [a c /2 - a i ] ± , [a ( ii«)/4 - a d /2] ± | wt(c) = 4, d E £ 16 }. 

By Lemma \'S.2\ T can not contain both [a^ and [ame)/4 — ad/2} ± . Thus we obtain one 
of (3), (4) and (5) by Proposition 13.11 and Table [3) 

Assume that T contains [xx] + - Up to the action of Aut(Vl- + ), we may assume that 
A = 0. If T does not contain [«(ii6)/4 — ad/2} ± then g oT does not contain [xx} + for 

38 



some g G Aut(Vt- ,) by Proposition 13.11 and Tabled which is the case in the previous 

V 2D 16 

paragraph. Hence we may assume that T contains [a(ii6)/4 — a^/2] + . By the action of 
automorphisms induced from Aut(\/2Df 6 ) , we may assume d = 0. By Lemma f372l T does 
not contain [ai] + . Thus we have (6). □ 

Let us calculate the dimension of the weight 1 subspace of 03(5). 

Proposition 5.9. Let S be a maximal totally singular subspace of R(X) © R{V). Then 
the dimension o/Q3(5)i is given by 

16 x \ Pl (SW) n {[0]-, H ± }| + 4 x | Pl (5^) n {[a c /2] ± , [a c /2 - a 1 ] ± | wt(c) = 4}| 
(5.1) + |pi(5 (2) ) n {[a (1 i8)/4 - a d /2f, [ Xx } + \ d G £ 16 }\ + 8 x (|p 2 (5«)| - 1) 

+\ Pl (S) n {[a c /2 - ai f, [a c /2] ± | wt(c) = 2}| x |p 2 (S (1) )|. 

Proof. Let (W , W 2 ) G S. Then the lowest weights of W l are non- negative half integers, 
and the sum of the lowest weights is an integer. Hence 03({(iy 1 , H^ 2 )})i 7^ if and only 
if the lowest weights of both W 1 and W 2 are 1/2, or the lowest weight of W l is 1 and 
Wi = [0] + , where {i,j} = {1,2}. By Tabled Lemmas 13.31 (2) and 15.61 the dimension of 
the weight 1 subspace of 53(5) is given by (15. ip . □ 



5.3. Determination of the Lie algebra structure of 53(5) 1 for S C R{X) © R(V). 
In this subsection, we determine the Lie algebra structure of 03(5) 1 for a maximal totally 
singular subspace S of R(X) © R(V) described in Propositions 15.71 (3) and 15.81 (3)-(6). 
Case: S as in Propositions [577] (3). 

Proposition 5.10. LetS be a maximal totally singular subspace of R(X)®R(V). Assume 
that pi(5 (2) ) = Span F2 {[a (1 4 i2)/2] + , [a (1 2 2 1 2 io ) /2] + , [a ((1 o)4 8)/2] + , [a (1 i 6) /4] + , [xo] + }- 
Set D = Span F2 {(l 4 12 ), (1 2 2 1 2 10 ), ((10) 4 8 )}. Then the following hold: 

(1) Pl (S) n {[a c /2 - an]*, [a c /2] ± | wt(c) = 2} = {[a c /2 - ai } + \ wt(c) = 2, c G D ± } 
and its size is 36; 

(2) dim 53(5)i = 132, and the Lie algebra structure o/93(5)i is A^^F^- 

Proof. Note that the number of codewords in D L with weig ht 2 is (I) =36. (1) is easily 
calculated by Lemmas 13.21 and 15.61 ( 1 ) . 
By Proposition 15.91 we obtain 



dim23(5)i = 16 x0 + 4x7 + 24 + 8x1 + 36 x2 = 132. 
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By Proposition I4.25[ each simple component jj; of 2J(S)i satisfies hi/ki = 9/2. Hence by 
Proposition 14.261 , is one of 



Type 


-48,2 


E>5,2 


Fa,2 




9 


9 


9 


Dimension 


80 


55 


52 



Hence the Lie algebra structure is A 8 ^F^2- D 
Case: S as in Proposition 15.81 (3). 

Proposition 5.11. Let S be a maximal totally singular subspace of R(X) © R{V). As- 
sume that pi(S^) = Span F2 { [0] ~~ , + , [a( 1 4 i2)/2] + , [a( 1 2 2 1 2 io)/2] + } holds. Set D = 
Span F2 {(l 4 12 ), (1 2 2 1 2 10 )}. Then the following hold: 

(1) Pl {S) n {[a c /2 - « 1 ] ± , [a c /2] ± | wt(c) = 2} = {[« c /2] ± , [a c /2 - | wt(c) = 
2, c G -D" 1 } and its size is 192; 

(2) dimQJ(5)i = 288, and the Lie algebra structure o/5J(<S)i is Cio.i-B6.i- 

Proof. Note that the number of codewords in D 1 - with weight 2 is ( 2 ) + 3 = 48. (1) is 
easily calculated by Lemmas 13.21 and [5761 (1). 
By Proposition 15.91 we have 

dimQJ(5)i = 16 x3 + 4x 12 + + 8x0 + 192 x1 = 288. 

By Proposition 14.251 each simple component Qt of 23(iS)i satisfies hi/ki = 11. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 


^10,1 


#6,1 


Cio.i 




11 


11 


11 


Dimension 


120 


78 


210 



Hence the Lie algebra structure is Cio,i-B6,i- D 
Case: S as in Proposition 15.81 (4). 

Proposition 5.12. Let S be a maximal totally singular subspace of R(X) © R{V). As- 
sume that pi(S (2) ) = Span F2 {[0]~, [a (1 4 i 2) /2] + , [a ( i2 2i2 i 0) /2] + , [a (( i )4 8)/2] + }. Set D = 
Span F2 {(l 4 12 ), (1 2 2 1 2 10 ), (10) 4 8 )}. Then the following hold: 

(1) Pl {S) n {[a c /2 - a 1 ] ± , [a c /2]± | wt(c) = 2} = {[a c /2]± [a c /2 - | wt(c) = 

2, c G -D" 1 } and zfo szze is 144; 
(^j dimQJ(5)i = 216, and the Lie algebra structure of%3(S)i is Dg^A-j^. 
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Proof. Note that the number of codewords in D 1 - with weight 2 is ( 2 ) + 3 = 48. (1) is 
easily calculated by Lemmas 13.21 and [5761 (1). 
By Proposition 15. 9} we have 

dim2J(S)i = 16x1 + 4x14 + + 8x0 + 144x1 = 216. 

By Proposition 14.251 each simple component Qi of 9J(«S)i satisfies hi/ki = 8. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 


A 7 ,i 


CV,i 


D 5A 


D 9 ,2 


h v 


8 


8 


8 


16 


Dimension 


63 


105 


45 


153 



Hence 9J(5)i is (A 7)1 ) 2 (D 5A ) 2 or D 9>2 A 7>1 . Clearly, 2J({([0]+ [0]+)})i is an abelian subal- 
gebra of QJ(«S). By the fusion rules [0]~ x [X]^ = [A] T and = 0, it is maximal abelian. 
By Lemma \5. 51 it is toral. Hence the rank of QJ(<S)i is 16. Thus the Lie algebra structure 
of 2T(S)i is D 9>2 A 7jl . □ 

Case: S as in Proposition 15.81 (5). 

Proposition 5.13. Let S be a maximal totally singular subspace of R(X) © R{V). As- 
sume that pi(S^) = Span F2 { [0] ~ , [a!(i4 i2)/2] + , [a( 1 2 2 1 2 io)/2] + , [a(xi6)/4] + }. Set D = 
Span Fa {(l 4 12 ), (1 2 2 1 2 10 )}. Then the following hold: 

(1) Pl {S) n {[a c /2 - a 1 ] ± , [a c /2]± | wt(c) = 2} = {[a c /2 - | wt(c) = 2, c E D 1 } 
and its size is 96; 

(2) dimQJ(iS)i = 144, and the Lie algebra structure is Ag^A^iB^^. 

Proof. Note that the number of codewords in D 1 - with weight 2 is ( 2 ) + 3 = 48. (1) is 
easily calculated by Lemmas 13.21 and [5761 (1). 
By Proposition 15.91 we have 

dim2J(S)i = 16 x1+4x6 + 8 + 8x0 + 96 x1 = 144. 

By Proposition 14.251 each simple component Qi of 2J(5)i satisfies hi/ki = 5. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 


-44,1 


A 9 , 2 


^3,1 


-^8,3 




A>,2 


h v 


5 


10 


5 


15 


5 


10 


Dimension 


24 


99 


21 


136 


36 


66 



By the same arguments as in Proposition 15.121 H = QJ({([0] , [0] + )})i is a Cartan sub- 
algebra of 5J(5)i. We decomposes 33(<S)i into a direct sum of root spaces for H. Then 
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23(5) i has an ideal with 90-dimensional root space 

23({([a c /2 - aif , W(c, e)) | s E {±}, c E L> ± , wt(c) = 2, supp(c) n supp(D) = 0})!, 

where W(c,e) is a unique element in R(V) such that ([a c /2 — «i] e , W(c, e)) E 5. Hence 
the root space of 23(5) i has the decomposition 90 + 38, and the Lie algebra structure is 
^9,2^4,1-^3,1 or ^4,1 (-^3,i) 6 or ^4 i(-B3,i) 2 C 4i i. Since the rank of 23(5) i is 16, it must be 
^9,2^4,1-83,1- □ 

Case: Proposition 15.81 (6). 

Proposition 5.14. Let 5 be a maximal totally singular subspace of R(X) © R{V). As- 
sume that pi(5( 2 )) = Span F2 {[a (1 4 i 2) /2]+, [a (1 2 2 1 2 io ) /2]+, [a {1 i 6) /4]+, [xo] + }- Set D = 
Span F2 {(l 4 12 ), (1 2 2 1 2 10 )}. Then the following hold: 

(1) pi(5) n {[a c /2 - a 1 } ± , [a c /2]± | wt(c) = 2} = {[a c /2 - ai ] + | wt(c) = 2, c E D L } 
and its size is 48; 

(2) dim23(5)i = 72, and the Lie algebra structure is D^^C^^i^-i,!} 2 ■ 

Proof. Note that the number of codewords in D 1 - with weight 2 is ( 2 °) + 3 = 48. (1) is 
easily calculated by Lemmas 13.21 and loTol (1). 
By Proposition 15.91 we have 

dim23(5)i = 16 x0 + 4x3 + 12 + 8x0 + 48 x1 = 72. 

By Proposition 14.251 each simple component Qi of 23(5) 1 satisfies hi/ki = 2. Hence by 
Proposition 14.261 Qi is one of the following. 



Type 


A,i 


^3,2 


^5,3 


A 7A 


^3,2 


C*5,3 


£4,3 


Am 


A>,5 


G 2 ,2 


h v 


2 


4 


6 


8 


4 


6 


6 


8 


10 


4 


Dimension 


3 


15 


35 


63 


21 


55 


28 


45 


66 


14 



By Proposition I3.1[ both 

23({(K/2 - + , W(c)) I wt(c) = 2, c E L> ± , supp(c) n supp(D) = 0})i 

and 

23(5 {2) U {([a c /2 - + , W(c)) | wt(c) = 2, c E D L , supp(c) C supp(L>)})i 

are ideals, where W(c) is a unique element in R(V) such that ([« c /2 — cti] + , W(c)) E 5. 
Hence 23(5) has the decomposition 45 + 27. Moreover, by the previous case, the first 
subspace is the fixed points of the Lie algebra of type A 9 2 by an order 2 automor- 
phism acting by —1 on the Cartan subalgebra. Hence 23(5) 1 contains D$ as an ideal, 

and the Lie algebra structure is D 5>4: (Ai t i) 9 , D^A^iA^) 4 or D 5i C^^{Aii) 2 . Since 
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QJ(Span F2 {[a (1 4 i2)/2] + , [a ( i2 2 l2o io)/2] + , [a ( ii 6) /4] + }) is isomorphic to V^~ 3ffiAl , 9J(«S)i con- 
tains a Lie subalgebra 62,2(^1,2) 2 ■ Hence the Lie algebra structure is D^C^^i,!) 2 ■ D 

5.4. Isomorphism type of QJ(«S) for S 1 in Proposition [5781 (4). In this subsection, we 
show that the VOA associated to the maximal totally singular space given in Proposition 
15.81 (4) is isomorphic to Vn{a 17 e 7 ) as a VOA. 

First, we construct a lattice VOA as a simple current extension of X ® V. 

Lemma 5.15. Let S be a maximal totally singular subspace of R(X) © R{V) such that 

Pl (S®) = Span F2 {[0]-, [ ai ] + , [a c /2] + \ceD}, 

where D = Span F2 {(l 4 12 ), (1 2 2 1 2 10 ), ((10) 4 8 )}. Then we have the following: 

(1) Pl {S) n {[a c /2 - a^, [a c /2]± | wt(c) = 2} = {[ac/2]* [a c /2 - | wt(c) = 
2, c G D ± } and its size is 144; 

(2) QJ(<S) is isomorphic to a lattice VOA associated to N(AnEj) or N{D\qEj). 

Proof. Note that the number of codewords in D 1 - with weight 2 is ( 2 ) + 3 = 48. (1) is 
easily calculated by Lemmas 13.21 and 15.61 (1). 

It follows from dim Pl (S^) = 5 that dim P2 (S^) = 1. Up to conjugation by Aut(X <g> 
V), we may assume that P 2(S^) = {[0] + , [0] - }. By Proposition 15. 9[ we have 

dimQJ(5)i = 16 x3 + 4x 28 + + 8x1 + 144 x2 = 456. 

By Proposition 14.251 each simple component Qi of satisfies hi/ki = 18. Hence by 

Proposition 14.261 Qi is one of 



Type 


An,i 


£10,1 


Ei, 1 


h v 


18 


18 


18 


Dimension 


323 


190 


133 



Hence 23(<S)i is a Lie algebra of type An^E^i or D Wi i(E 7i i) 2 . □ 

Let S be a maximal totally singular subspace of R{X) ®R(V) in the lemma above and 
let W = ([a (1 i6 } /4 - ai) + , [xo] + )- Then Span ¥2 {W,S n W x } satisfies Proposition Eg] (4). 
Hence by the same arguments as in Proposition 14.441 QJ(Span Fa {H / , S D H^ -1 }) is obtained 
by the Z 2 -orbifold of associated to gw- 

By the lemma above, QJ(«S) is isomorphic to the VOA associated to some even unimod- 

ular lattice of rank 24. Let us show that gw is conjugate to a lift of the — 1-isometry 

of the lattice. By |DGH98l Appendix D], it suffices to show that gw acts by —1 on 

a Cartan subalgebra of QJ(«S)i. Consider the subspace QJ({([ai] + , [0] + ), ([0] + , [0]~)})i of 

QJ(«S)i. Then by Lemma 15.51 h is a 24-dimensional toral abelian subalgebra, that is, a 
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Cartan subalgebra. Since {([«i] + , [0]+), ([0] + , [0] - )} n W 1 - = 0, g w acts by -1 on this 
Cartan subalgebra. Recall that V N ^ DloE ^ = V N ( D 2 A 2y Hence 23(5) must be isomorphic 
to Vn(a 17 e 7 )- Thus we obtain the following proposition. 

Proposition 5.16. The VOA 03(5) associated to a maximal totally singular subspace S 
of R(X) © R(V) satisfying Proposition \5.8\ (4) is isomorphic to Vn(a 17 e 7 )- 

Classification of the Lie algebra structures. As a summary of this section, we obtain 
the following theorem. 

Theorem 5.17. Let U be a holomorphic simple current extension of V~t~, © V%„ . 
Then one of the following holds: 

(1) U is isomorphic to a lattice VOA Vn or its %2-orbifold Vn for some even unimod- 
ular lattice N; 

(2) U contains (V^ E J m as a full subVOA; 

(3) The weight one space U\ is isomorphic to one of the Lie algebras in Tabled 

Table 5. Lie algebra structure of 9J(S)i for S C R{X) © R(V) 



s 


dim 53(5) 


Lie algebra 


No. in |Sc93] 


Ref. 


Proposition |5.7(3) 


132 


^8,2-^4,2 


36 


New 


Proposition 15.8(3) 


288 


Cio,i-E?6,i 


56 


[Lallj 


Proposition 15.8(4) 


216 


^9,2^7,1 


50 


Vn(a 17 e 7 ) 


Proposition 15.8(5) 


144 


^.9,2^-4,1-83,1 


40 


[Lallj 


Proposition 15.8(6) 


72 


D 5A C 3 , 2 (A 1A ) 2 


19 


[Lallj 



Finally, by combining Theorems 12.191 12.201 14.461 and 15.171 we obtain our main theorem 
-Theorem 10.11 

Remark 5.18. In |HSj . it is announced that holomorphic framed VOAs having Lie alge- 
bra ^8,2-^4,2; Ci^A\ 2 an d -D44A22 would be constructed as simple current extensions of 

V V2E 8 ®V2D 4 ® V V2D+- 
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